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Abstract

We continue the domain-explicit apex analysis of I-B-VP-1-Ex2 on the prescribed conical product. For 

nonnegative compressed positive-order boundary charts, we replace an unspecified ultraviolet polynomial by 

explicit three-region bounds for the spectral density of the weighted radial-to-boundary difference. The region 

√τ r ≥ 1 is controlled uniformly in the nonnegative boundary matrix, and its smeared contribution has arbitrarily 

high algebraic order in r. This supplies a direct quantitative justification of the untruncated boundary limit and its 

Wick-quadratic consequence on the stated energy-cutoff finite-particle domain. 

For exterior core diagnostics, we allow measurable reflection profiles with only weighted-integrable ultraviolet 

tails. Logarithmic-power behavior at zero produces a unified concentration law, including the coefficient −1/(4π)

in the double-logarithmic case, with explicit test-uniform and profile-remainder bounds. A moment expansion 

separates scalar contacts, dipoles, and quadrupoles, showing precisely why exterior information does not 

determine an assembled physical contact. 

We also extend the relative-worldsheet logarithmic primitive against smooth parameter-dependent amplitudes, 

prove a fixed-external-support Ck estimate for a switched bulk-to-worldsheet-to-bulk numerical sandwich, and 

calculate both Laurent coefficients at the infinite family's resonant Mellin pole. The logarithmic coefficient has an 

exact phase-sensitive cancellation criterion; its companion constant is given by gamma and digamma functions. 
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An explicit higher-rotation-weight KH contact supplements the polar-vector admissibility audit. 

The potential usefulness lies in replacing formal apex assignments by quantitative domain, concentration, and 

normalization tests. No priority is claimed for Bessel extensions, generalized free fields, or local distributional 

renormalization. The complete physical core limit, unrestricted resonance and contact classifications, Dirac 

discrepancy, and interacting completion remain open. 
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Book expansion: three-region bound first

Reading order. (1) three-region spectral bound and crossing-region estimate; (2) profile class and error bounds; 

(3) Laurent calculation; (4) KH examples. toprule Depends on Relation 

midrule Ex2 boundary estimates Refines quantitative bounds (supplied input) 

Ex1 corrections Scope stops carried forward 

VP-1 parent Contact/completion context; not re-proved here 

Open problems Named; not closed by the three-region bound 

bottomrule 

Opening boundaries and the problem being continued

The prescribed Enter framework

Cheung's philosophy of Enter distinguishes destructive readout, quantum return, an installed description, and 

physical identification [11]. The spacetime model of I-B prescribes a classical conical product and a separate finite 

operational interface [12]. Neither the philosophical essay nor the interface selects the continuum field objects 

studied below. 

The finite interface can be recalled without importing a continuum measurement assertion. Let C have a calibrated 

orthonormal basis {|τ
j
⟩}, let A contain all surviving finite registers, and retain the outcome label even when 

installed report words coincide. Put 

Dj = ⟨τj|C ⊗ IA, ℳ(X) = ∑
j

lvertj, wj⟩langlej, wj|R ⊗ DjXD†
j .

Its Kraus completeness and discard identities are 

∑
j

D†
j Dj = ICA, TrR ℳ(X) = TrC X.

Expansion in clock matrix units proves these identities, including after adjoining an untouched finite reference. 
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The quantum output contains A, not a returned C. Positive-probability branches retain their actual conditional 

residual states; no normalized zero-probability branch is assigned. 

This is the supplied-report interface of I-B and En09-A [12, thm:instrument] [13]. It does not acquire an unknown 

continuum worldsheet field, select a self-adjoint domain, prepare the spectral state, or normalize an apex contact. 

The geometric time coordinate is not consumed. 

Non-sourcing

A distributional extension and a conserved contact are not source equations. No result below imposes 

Gμν + Λgμν = κTμν.

The distinctions in I-B prop:not-source and X-A-ST prop:noeinstein are retained [12, 22]. In particular, a smooth 

representative of a Ward identity is not a definition of every singular-metric operation. 

Relationship to Ex2

The complete supplied sources of I-B-VP-1, Ex1, and Ex2 are the principal records being continued [16, 17, 18]. 

The present work addresses five specific points: 

1. the ultraviolet transition in compressed boundary charts; 

2. exterior concentration and moment-controlled assembly; 

3. the relative-worldsheet logarithmic subtraction with smooth external parameters; 

4. resonant Laurent coefficients and KH admissibility; 

5. reliability, retained residuals, and exact stopping conditions. 

The new ultraviolet proof specifies the polynomial power and the crossing-region tail instead of invoking an 

unspecified polynomial. It also distinguishes the positive spectral density of the complete difference from the 

generally nonpositive jump of an individual resolvent-correction term. 

The exterior theorem weakens ultraviolet profile assumptions and gives quantitative concentration. It does not 
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identify the diagnostic with the complete Wick square of a physical core. The worldsheet sandwich is a numerical 

kernel with one declared primitive extension, not an interacting operator product. 

Attribution and novelty scope

Bessel extensions, cone boundary conditions, generalized free fields, and scaling-degree renormalization have 

established foundations [1, 2, 3, 7, 8]. Core-sensitive long-range effects are also established [6]. The contribution 

here is narrower: explicit uniform estimates, a larger measurable profile class, moment-resolved transfer, and a 

complete resonant Laurent calculation for the stated companion problem. 

The form-domain and supported-transfer statements of I-B-G, the infrared language of I-B-VP, and the 

operator-selection comparisons of I-B-VP-5 are kept separate from the boundary limits proved here [14, 15, 19]. 

I-B-VP-AB and I-B-VP-SAE are comparison records, not unquoted analytical premises [20, 21]. 

Geometry, normalization, and domains

Fix 

0 < α < 1, 0 ≤ β < 1.

The regular host and its declared completion are 

M = ℝ
t
× (0, ∞)

r
× S1

φ
× ℝ

z
,

g = −dt2 + dr2 + α2r2dφ2 + dz2,
M = ℝ1 + 1

y
× ℝ2

x
, y = (t, z), x = (rcos φ, rsin φ).

The apex is the worldsheet 𝒲 = ℝ1 + 1
y

× {0}. Use the auxiliary smooth metric and density 

g = −dt2 + dz2 + (dx1)2 + (dx2)2, dΩ = α d2y d2x.

Define 

⟨δ𝒲, f⟩ = ∫ f(y, 0) d2y, σα = 2πα.

Thus δ
𝒲

= α−1δ(2)(x) relative to dΩ. 
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These x-coordinates are not developing coordinates. No smooth value of the conical metric at x = 0 is supplied. No 

multiplication of a delta derivative by that metric is used. 

For the charged field use the lifted holonomy convention 

Φ(φ + 2π) = e2πiβΦ(φ), qn = n + β, νn = |qn|/α.

Transverse comparisons can be made in the periodic gauge e−iβφΦ. This is a declared punctured-plane gauge, not 

an extension of nontrivial flat holonomy through the apex. 

Spectral variables

For a worldsheet test h, let 

h(ω, k) = ∫ eiωt − ikzh(t, z) dt dz, V+ = {(ω, k) : ω > |k|}.

The transverse spectral value will be denoted by τ > 0, so that ω = √k2 + τ. For mass squared τ, set 

Δ(1 + 1)
+ (y; τ) = ∫

ℝ

dk

2π 2√k2 + τ
e−i√k2 + τ(t − i0) + ikz.

For vector-valued h, one convenient seminorm is 

PN(h) = sup
ω, k

(1 + ω2 + k2)(N + 2)/2‖h(ω, k)‖.

Increasing N, or adjoining finitely many Fourier derivatives, gives the other Schwartz seminorms used below. 

Two Fock domains

Let ℋ
1
 be the one-particle space of the declared spectral state. For charged fields include the particle space and its 

conjugate antiparticle space. On the bosonic Fock representation, define 

𝓓fin = ⋃
n < ∞

bigoplusn
j = 0 ℋ⊗sj

1 .

The linear estimate 

‖(a(v) + a*(v))Ψ‖ ≤ 2‖v‖ ‖(N + 1)1/2Ψ‖

I-B-VP-1-Ex3 Uniform cut estimates, logarithmic Enter

6



will be used for linear limits. 

For quadratics use the smaller common dense domain 

𝓓c = ⋃
substack n < ∞

This is a domain, not an assertion of invariance under the quadratic operators. Particle number alone does not 

bound energy. No quadratic convergence theorem on all of 𝓓
fin

 is asserted. 

Stage A: compressed resolvents and positive boundary spectrum

The positive-order product boundary law

Consider a fixed finite set of deficient orders 

0 < νj < 1, j = 1, …, d.

The logarithmic order ν = 0 is excluded in this section. Let 

Lj = −∂2
r − r−1∂r + ν2

j r
−2

on L2((0, ∞), rdr). Write the boundary expansion as 

fj(r) = ajr
−νj + bjr

νj + o(rνj).

Choose V ⊆ ℂd, its orthogonal projection P
V
, and a Hermitian H

V
≥ 0 on V. The boundary relation is 

a ∈ V, PVdiag (νj)b = HVa.

It is independent of longitudinal momentum. 

The boundary Green form is, up to its orientation sign, 

2∑
j

νj(ajb
′
j − bja

′
j).

Relation is a maximal isotropic relation for this form. The endpoint at infinity is limit-point. It therefore specifies a 

self-adjoint radial realization. The standard one-channel setting is described in [1, 2]; the compressed 
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normalization needed here is calculated next. 

Set 

Aj = 2νj − 1Γ(νj), Sj = π
2sin (πν

j
)
, dj =

S
j

A2
j

, a = min
j

νj, b = max
j

νj.

Here a, b denote exponent bounds, not boundary vectors. Let ι : Vhookrightarrow ℂd be inclusion and define 

BV(ζ) = 2HV + PVdiag (djζ
νj)|V, F(ζ) = ιBV(ζ)−1ι†,

with principal powers on ℂ ∖ (−∞, 0]. For V = {0}, set F = 0. 

Lemma (Normalized compressed resolvent).  Put E(ζ) = diag (A
j
ζ−νj/2). Relative to r′dr′, the resolvent kernel is 

ℛζ(r, r′) = diag(Iνj
(√ζ r<)Kνj

(√ζ r>))

+diag (Kνj
(√ζ r))E(ζ)−1F(ζ)E(ζ)−1diag (Kνj

(√ζ r′)).

In a full chart, 

E−1FE−1 = (S + 2EHE)−1.

The radial realization is nonnegative. 

Proof.  The Wronskian of I
ν
, K

ν
 gives the first Green kernel. At zero, 

Iν(pr) ∼ I0
νp

νrν, Kν(pr) ∼ Aνp
−νr−ν + Bνp

νrν,

where 

I0
ν = 2−ν

Γ(1 + ν)
, Bν = 2−ν − 1Γ(−ν).

The reflection identity gives 

2νI0
νAν = 1, I0

νSν + Bν = 0.

Imposing on the Green kernel therefore gives . Compression occurs before inversion. 

I-B-VP-1-Ex3 Uniform cut estimates, logarithmic Enter

8



The resolvent correction has finite rank in the radial resolvent sense. Negative eigenvalues could occur only when 

the boundary matrix for a decaying K
ν
 solution is singular at ζ > 0. But B

V
(ζ) > 0 there, unless V = {0}, which is 

Friedrichs. There is no negative spectrum. There is no square-integrable zero solution: the zero-energy powers are 

not square integrable at infinity for 0 < ν
j
< 1. 

Uniform bounds before taking the cut

For matrices use Im T = (T − T†)/(2i). 

Lemma (Uniform compressed inverse).  For the fixed orders, uniformly in V and H
V

≥ 0, 

lVertF(ζ)‖ ≤ C |ζ|−b, 0 < |ζ| ≤ 1,
|ζ|−a, |ζ| ≥ 1.

{

These estimates hold up to either shore of the cut. 

If 

Y(τ) = PVdiag (djsin (πνj)τ
νj)|V,

then 

−Im BV(−τ + i0)−1 = BV(−τ + i0)−1Y(τ)BV(−τ + i0)−* ≥ 0.

Proof.  Let ζ = |ζ|eiθ, |θ| ≤ π. After multiplying the quadratic form by e−ibθ/2, its real part is at least 

cos (πb/2)(2langleu, HVu⟩ + ∑
j

dj|ζ|νj|(ιu)j|
2).

The cosine is positive because b < 1. This proves invertibility and , uniformly in the compressed chart. Subtracting 

the inverse and its adjoint gives . 

Proposition (Boundary spectral density).  The Euclidean boundary covariance 

Wa(ζ) = 1
2πα

F(ζ)

has the Stieltjes representation 
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Wa(ζ) = ∫
∞

0

ρ
a
(τ)

ζ + τ
dτ, ρa(τ) = − 1

2π2α
Im F(−τ + i0) ≥ 0.

There are no polynomial additions or zero-mass atoms. Moreover, 

‖ρa(τ)‖ ≤ C τ−b, 0 < τ ≤ 1,
τ−a, τ ≥ 1.

{

Proof.  Equation gives positivity, and gives the bounds. A keyhole contour applied entrywise to F yields . The 

small circle vanishes because b < 1, and the large circle vanishes because a > 0. Thus no extra polynomial or 1/ζ

term remains. 

Remark (What positivity does not mean). The positive matrix ρ
a
 is a cut jump, not the Euclidean value F(p2)

renamed as a spectral density. The spectral generalized-free-field interpretation is the Gaussian one [3]. It does not 

make a nonzero Wick quadratic Gaussian. 

Stage A continued: an explicit ultraviolet crossing estimate

The complete difference density

Define 

Dr(ζ) = diag( (√ζ r)νjK
νj
(√ζ r)

A
j

), Tr(ζ) = Dr(ζ) − I.

The weighted radial evaluations are 

Ar, j(h) = rνj
1

2π
∫

2π

0
e−iqjφΦ(h, r, φ) dφ.

On compact spectral intervals away from zero, the Bessel expansions in Lemma give a boundary evaluation as a 

limit in the spectral Gram kernel. The resolvent expression for the difference between a weighted radial evaluation 

and that boundary evaluation is 

𝒫r(ζ) = diag(r2νjIνj
(√ζ r)Kνj

(√ζ r)) + Tr(ζ)F(ζ)Tr(ζ).

Its spectral density, with angular normalization included, is 
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ρe, r(τ) = − 1
2π2α

Im 𝒫r(−τ + i0).

Remark (Analytic products versus adjoints). The analytic expression in is T
r
FT

r
, not T

r
FT†

r
. Its lower-shore 

value is the adjoint of its upper-shore value. The jump of this correction term need not be positive. Positivity 

belongs to the complete difference density ρ
e, r

, obtained from the full resolvent Gram kernel. The estimates below 

bound the norm of each contribution; they do not assume termwise spectral positivity. 

Fixed-order Bessel bounds

Put 

θ = max {b − 1
2 , 0}, μ = max {a, θ − a} < 1.

Lemma (Bounds on the two cut regions).  For w > 0, with constants depending only on the fixed finite set of 

orders, 

max
j
| (iw)νjK

νj
(iw)

A
j

− 1| ≤ Cw2a, 0 < w ≤ 1,

max
j
| (iw)νjK

νj
(iw)

A
j

− 1| ≤ Cwθ, w ≥ 1,

|Jνj
(w)| ≤ Cwνj, 0 < w ≤ 1,

|Jνj
(w)| ≤ Cw−1/2, w ≥ 1.

The same modulus bounds hold on the other shore. 

Proof.  For 0 < ν < 1, the two small-argument series give 

zνK
ν
(z)

A
ν

= 1 + O(z2ν) + O(z2).

This proves . The J
ν
 series proves . 

On the imaginary axis, the connection with Hankel functions and their fixed-order large-argument expansion give 
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|Kν(iw)| ≤ Cw−1/2, |Jν(w)| ≤ Cw−1/2.

Thus wνK
ν
(iw) grows at most as wν − 1/2, giving . Continuity on the compact transition interval completes the 

bounds. These are the classical fixed-order estimates of [4, Sections 10.17, 10.27, 10.30, and 10.40]. No 

large-order angular limit is involved here. 

Theorem (Three-region difference bound).  For 0 < r ≤ 1, uniformly in V, H
V

≥ 0, 

‖ρe, r(τ)‖ ≤ C
r4a(τa + τ2a − b), 0 < τ ≤ 1,

r4aτa, 1 ≤ τ ≤ r−2,
r2a(√τr)−1 + τ−a(√τr)2θ, τ ≥ r−2.

{
In particular, 

‖ρe, r(τ)‖ ≤ Cr4a τ−b, 0 < τ ≤ 1,
τμ, τ ≥ 1.

{

All constants are independent of the nonnegative compressed boundary matrix. They are not asserted uniform as 

an order tends to 0 or 1. 

Proof.  The free cut jump in is exactly 

1
4πα

diag (r2νjJνj
(√τr)2).

For the correction use 

‖Im (TrFTr)‖ ≤ lVertT_r‖2‖F‖.

Set w = √τr. 

When w ≤ 1, 

r2νj|Jνj
(w)|2 ≤ Cr4νjτνj ≤ Cr4aτa.

For the last inequality, if τ ≥ 1 use r4τ ≤ r2 ≤ 1; if τ ≤ 1 it is immediate. The correction is bounded by Cr4aτ2a − b

below τ = 1, and by Cr4aτa above it. This proves the first two regions. 
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For w ≥ 1, the free term is at most Cr2aw−1. Equations and bound the correction by Cτ−aw2θ. This proves the third 

region. 

It remains to check the explicit global power. The free crossing term is at most Cr4aτa, since w−1 ≤ w2a. If θ ≤ 2a, 

then 

τ−aw2θ ≤ τ−aw4a = r4aτa.

If θ > 2a, then r2θ ≤ r4a, and 

τ−aw2θ ≤ r4aτθ − a.

This proves the upper line of for τ ≥ 1. For 0 < τ ≤ 1, both terms in the first region are at most a constant times 

r4aτ−b. 

The crossing region after worldsheet smearing

Let 

qh(τ) = ∫
ℝ

‖h(√k2 + τ, k)‖
2

2π 2√k2 + τ
dk.

Lemma (Longitudinal threshold and ultraviolet bounds).  For sufficiently large N, 

qh(τ) ≤ CNPN(h)2 1 + |log τ|, 0 < τ ≤ 1,

τ−N, τ ≥ 1.{

Proof.  Below τ = 1, split |k| ≤ 1 and its complement. The only threshold integral is 

∫
1

0
(k2 + τ)−1/2dk = O(1 + |log τ|).

Above τ = 1, substitute k = √τ v and use the definition of P
N
. Increasing the Schwartz seminorm if necessary gives 

the displayed power. 

Corollary (Explicit crossing-region tail).  If 
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N > max {1
2 , 1 + θ − a},

then 

∫
∞

r−2
‖ρe, r(τ)rVertq

h
(τ) dτ ≤ CNPN(h)2r2N + 2a − 2.

Thus this region has arbitrarily high algebraic order after Schwartz smearing. There is no fixed spectral-cutoff 

residual. 

Proof.  The two integrals to estimate are 

r2a − 1 ∫
∞

r−2
τ−N − 1/2dτ and r2θ ∫

∞

r−2
τ−N − a + θdτ.

Both equal a finite constant times r2N + 2a − 2 under the stated conditions. 

Theorem (Untruncated weighted boundary limit).  For every boundary law and h ∈ 𝓢(ℝ1 + 1;ℂd), the fields 

converge strongly on 𝓓
fin

 to boundary fields a(h) in the original spectral Fock representation. Their covariance is 

Wa(y) = ∫
∞

0
ρa(τ)Δ

(1 + 1)
+ (y; τ)dτ.

For a sufficiently high Schwartz seminorm, 

lVertv_r(h) − va(h)‖ ≤ Cr2aPN(h).

Linear combinations perpendicular to V have zero boundary value. 

Proof.  On a compact interval 0 < ε ≤ τ ≤ T < ∞, both endpoint limits of the resolvent kernel are uniform. The 

corresponding spectral Gram blocks therefore have a boundary limit. This proves convergence of the truncated 

creation vectors inside the original one-particle representation. 

The boundary spectral density obeys , and its integral against is finite. The truncated boundary vectors are thus 

Cauchy when both spectral endpoints are removed. Their limit remains in the original representation. 

For the radial-to-boundary difference, use and . The threshold integral is finite because 2a − b > −1, and the 
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ultraviolet integral is finite for N > μ + 1. The squared norm is bounded by Cr4aP
N
(h)2, proving . The more precise 

contribution from the crossing region is . Apply for the operator limit. 

Finally, F = ιB−1
V

ι† annihilates V⊥, giving the stated boundary relations. 

Remark (Scope of the uniformity). The result is uniform over nonnegative finite and compressed charts with the 

orders fixed. It is not uniform over logarithmic channels, negative boundary energies, momentum-dependent 

boundary laws, or an order approaching a deficiency endpoint. Those are different estimates, not numerical errors 

to be absorbed into a constant. 

Non-extraction.  These are limits of an already specified free field. They add no independently prepared defect 

factor and select no contact normalization. The finite instrument does not construct these domains or vectors. 

The Wick-quadratic consequence and the retained scalar obstruction

Proposition (Quadratics on the energy-cutoff domain).  For the boundary fields of Theorem , the 

normal-ordered quadratics : a
j
a†

k
: (h) exist on 𝓓

c
. Hermitian combinations with real tests are symmetric and 

closable. Their radial versions converge on that domain, with 

‖(Qr(h) − Qa(h))Ψ‖ ≤ Cn, Er2aPN(h)‖Ψ‖

on each fixed particle-number and input-energy band. 

Proof.  The boundary Fourier density is 2π1
V+

(p)ρ
a
(p2

0
− p2

1
). Equations and give, for the fields and their difference 

features, bounds of the form 

C(1 + p0)
m(p+p−)−b, p± = p0 ± p1, b < 1,

with an additional factor r4a for the squared difference feature. The individual radial fields obey the same bound, 

either directly from , or from positivity of the joint radial–boundary Gram block. 

For fixed total momentum P, positive energies give 0 < p
±

< P
±
. The two beta integrals 
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∫
A

0
u−b(A − u)−bdu = A1 − 2bB(1 − b, 1 − b)

bound the pair-creation kernel. Its growth in P is polynomial and is absorbed by h(P). 

For the number-preserving kernel, first restrict the input to q
0

≤ E. That input measure has finite mass; Schwartz 

decay of h(p − q) makes the restricted kernel Hilbert–Schmidt. The finite-sector creation and annihilation 

estimates define the quadratic operator on 𝓓
c
. 

The identity 

ur ⊗ vr − u0 ⊗ v0 = (ur − u0) ⊗ vr + u0 ⊗ (vr − v0)

reduces the quadratic difference to the same estimates with one difference feature. Cauchy–Schwarz and give . 

Symmetry on a dense domain gives closability. 

The nonzero Wick square is not Gaussian. Its three-point Wick contraction is nonzero, as explained in Ex1 [17]. 

Nor does Proposition imply a general interacting boundary algebra or convergence on arbitrary finite-particle 

vectors. 

For comparison with the one-point prescription, define 

langleU_L, f⟩ = lim
εdownarrow 0[ ∫

r > ε

f
r2dΩ + σαlog (ε/L)∫ f(y, 0)d2y].

Angular Taylor averaging proves strong convergence and 

(Ex + 2)UL = σαδ𝒲, UL′ − UL = −σαlog (L′/L)δ𝒲.

These are the parent normalizations [16, 17]. 

For η
ε
(x) = ε−2η(x/ε), 

langleU_L, ηε⟩ = ε−2(langleU_L, η⟩ + σαlog ε η(0)).

Consequently no nonzero sU
L

+ cδ
𝒲

 with s ≠ 0 has an ordinary approximate-identity-independent worldsheet 
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restriction. A nonzero pure delta also fails to restrict. The identically zero distribution remains an exception. 

Stopping condition (Free-domain ending). The ultraviolet residual identified in the positive-order compressed 

problem has been replaced by and . The following are not supplied: 

• a logarithmic-channel version of this uniform theorem; 

• every bulk Wick product on completion tests touching the apex; 

• essential self-adjointness of every quadratic; 

• an interacting or time-ordered defect algebra; 

• restriction of the nonzero covariant c-number part. The VII-H free response and VII-I finite-width free algebra 

are separate constructions [25]. 

Stage B: measurable logarithmic-power reflection profiles

A larger explicit profile class

Let 

A(u) = ∫
∞

u
vK0(v)2dv.

The classical endpoint estimates are 

A(0) = 1
2

, A(u) − 1
2

= O(u2log2 u), A(u)asymp e−2u (u ≥ 1).

The last comparison has positive fixed upper and lower constants. These follow from the modified-Bessel 

expansions and the integral ∫∞
0

vK
0
(v)2dv = 1/2 [4]. 

Assumption (Measurable logarithmic-power class).  Fix p > 0 and u
0
∈ (0, 1). The profile B : (0, ∞) → ℂ is 

measurable and obeys 

|B(u)| ≤ C0(1 + log (u0/u))−p, 0 < u < u0,
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JB : = ∫
∞

u0

|B(u)|A(u)du
u

< ∞.

No pointwise ultraviolet growth bound, smoothness, or monotonicity is required. For real one-point corrections 

take B real. 

This is larger in its ultraviolet allowance than Ex2's profile class. It permits weighted-integrable spikes of arbitrary 

pointwise height. For example, one can add smooth disjoint bumps near integers, with heights e3n and widths e−3n; 

their contribution to is summable, although no fixed polynomial times e2u bounds their heights. This mathematical 

enlargement is not a claim that every such profile is realized by a physical core. 

For r > R, define 

fR(r) = 1
4π2α

∫
∞

0
qB(qR)K0(qr)2dq, QR(b0) = 2πα ∫

b0

R
rfR(r)dr.

Here b
0

> 0 is a fixed exterior observation radius. Let ℰ
R
 equal f

R
 on R < r < b

0
, zero elsewhere transversely, and 

constant in the worldsheet directions. 

Lemma (Existence and useful absolute bounds).  Assumption makes f
R
(r) absolutely convergent for every r > R

and locally integrable on R < r < b
0
. Moreover, 

QR(b0) = 1
2π

∫
∞

0
B(u)[A(u) − A(Tu)]du

u
, T = b0/R.

For w ≥ 2, 

w2 ∫
∞

0
u|B(u)|K0(wu)2du ≤ C

(1 + log w)p + C(1 + JB)e−c√w.

Also 

∫
2R

R
r|fR(r)|dr ≤ C

with C independent of R. 

Proof.  For fixed w > 1, the ultraviolet ratio 
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w2u2K
0
(wu)2

A(u)

is bounded on u ≥ u
0
, because its large-u behavior is a polynomial times e−2(w − 1)u. Near zero use and the 

logarithmic behavior of K
0
. This proves absolute convergence. Fubini applied to absolute values gives local 

integrability and . 

To prove , put v = wu. On u < u
0
, split v ≤ √w and its complement. For sufficiently large w, the first part has 

1 + log (u0/u) ≥ c(1 + log w).

The integral of vK
0
(v)2 is finite. In the second part use boundedness of B near zero and the exponentially small 

Bessel tail. 

On u ≥ u
0
, compare to . The supremum of the displayed ultraviolet ratio is at most Cwe−cw for sufficiently large w. 

The remaining bounded interval of w's is covered by continuity of the Bessel bounds. This proves . 

Finally, 

2πα ∫
2R

R
r|fR(r)|dr ≤ 1

2π
∫
∞

0
|B(u)|[A(u) − A(2u)]du

u
.

The last integral is finite. At zero its additional factor is O(u2log2 u); at infinity use A(u). 

A quantitative concentration theorem

Theorem (Test-uniform concentration with a logarithmic rate).  Under Assumption , for T = b
0
/R ≥ 4, 

∫
b0

R
r3|fR(r)|dr ≤ Cb2

0
[(1 + log T)−p + T−1].

For every fixed compact test support in r < b
0
, 

|⟨ℰR − QR(b0)δ𝒲, f⟩| ≤ CKb2
0
[(1 + log T)−p + T−1]p2(f).

In particular, ℰ
R

− Q
R
(b

0
)δ

𝒲
→ 0 strongly in 𝓓′ on those test-support stages. 
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Proof.  The interval R < r < 2R contributes O(R2) by . For r ≥ 2R, changing variables in and applying gives 

|fR(r)| ≤ C
r2[(1 + log (r/R))−p + (1 + JB)e−c√r/R].

Split the remaining moment integral at r = √b
0
R. The lower part is O(b

0
R). On the upper part, 

1 + log (r/R) ≥ c(1 + log T). The exponential term has integral O(R2). This proves . 

For a test, let f (y, r) denote its angular average. Then 

|f (y, r) − f(y, 0)| ≤ Cr2p2(f).

Pairing with the radial correction and using its exact mass Q
R
(b

0
) gives . The estimate is uniform on bounded sets 

of tests with fixed compact support. 

Mass asymptotics with a Dini remainder

Assume in addition that, for some γ ∈ ℂ and κ > 0, 

B(u) = −γ[log (κ/u)]−p + e(u), ∫
u0

0
|e(u)|du

u
< ∞,

where u
0
 has been decreased so log (κ/u

0
) > 1. Keep Assumption . For T > e, put 

Φp(T) = ∫
log T

1
s−pds =

log log T, p = 1,
(log T)1 − p − 1

1 − p
, p ≠ 1.{

Theorem (Unified logarithmic-power mass law).  There is a finite C
B
 such that 

QR(b0) + γ
4π

Φp(T) → CB.

For sufficiently large T, the error is bounded by 

C(1 + log T)−p + 1
2π

∫
min {u0, T−1/2}

0
|e(u)|du

u
+ Ce−c√T.

Consequently, 
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ℰR + γ
4π

Φp(T)δ𝒲 → CBδ𝒲

strongly, with the scalar error and the test error kept separate. 

For p = 1, γ = 1, the divergent mass is − 1
4πlog log (b

0
/R). For p > 1, the mass has a finite limit even without a 

divergent subtraction. 

Proof.  Use . The e-part has finite limit 

1
2π

∫
u0

0
e(u)A(u)du

u
.

Its omitted A(Tu) term is bounded by the Dini integral below T−1/2 plus an exponentially small term above that 

point. The part u ≥ u
0
 is treated by ; the ratio A(Tu)/A(u) decays exponentially uniformly there. 

For the model term below u
0
, replacing A(u) by 1/2 changes only a convergent integral. The smooth lower cutoff 

1/2 − A(Tu) can be replaced by 1
21

{u > T−1}
. After v = Tu, the discrepancy is bounded by the integrable kernel 

|1
2

− A(v) − 1
2

1{v > 1}|dv
v

.

On v ≤ √T, its logarithmic denominator is bounded below by clog T. On the remaining range the kernel is 

exponentially small. The replacement error is O((log T)−p). 

The only nonconstant large-T contribution is therefore 

− γ
4π

∫
u0

T−1
[log (κ/u)]−pdu

u
.

Substitution s = log (κ/u) gives −γΦ
p
(T)/(4π), a finite constant, and O((log T)−p). This proves –. Apply Theorem for 

. 

Proposition (Stability under integrable profile differences).  Let B, B obey Theorem with the same p, γ, and 

suppose 

∫
∞

0
|B(u) − B(u)|A(u)du

u
< ∞.
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Their finite constants satisfy 

CB − CB = 1
2π

∫
∞

0
[B(u) − B(u)]A(u)du

u
.

Proof.  Subtract the exact mass identities and use dominated convergence. 

Physical comparison.  The flower-pot positive-coupling reflection profile of Ex1 and Ex2 has p = 1, γ = 1. 

Theorem includes that exterior diagnostic, but not a complete physical core contact. Allen–Kay–Ottewill provide 

the long-range exterior context [6]. No core state, stress subtraction, or Einstein source law is obtained by 

extending the profile class [12, 22]. 

Stage B continued: moments, transfer, and invisible interior freedom

A moment-resolved estimate

Let μ
R
 be a finite signed transverse measure, including the density convention αd2x, supported in r ≤ c

0
R. Regard it 

as longitudinally constant. Define 

mR = ∫ dμR, di
R = ∫ xidμR, M2, R = ∫ |x|2d|μR|.

Theorem (Mass–dipole approximation).  For every fixed compact test support, 

|⟨μR − mRδ𝒲 + di
R∂iδ𝒲, f⟩| ≤ CKM2, Rp2(f).

Thus, if m
R

→ m, d
R

→ d, and M
2, R

→ 0, then 

μR → mδ𝒲 − di∂iδ𝒲

strongly. 

If μ
R
 is rotation invariant, put 

qR = ∫ |x|2dμR, M4, R = ∫ |x|4d|μR|.

Then the sharper expansion is 
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|⟨μR − mRδ𝒲 −
q

R

4
Δδ𝒲, f⟩| ≤ CKM4, Rp4(f),

and M
4, R

≤ c2
0
R2M

2, R
. 

Proof.  Taylor expansion gives 

f(y, x) = f(y, 0) + xi∂if(y, 0) + O(|x|2p2(f)).

Pairing yields , including the minus sign in the dipole distribution. 

For a rotation-invariant measure, angular averaging gives 

f (y, r) = f(y, 0) + r2

4
Δf(y, 0) + O(r4p4(f)).

This proves . The support condition gives the last inequality. 

For positive measures, bounded masses imply M
2, R

≤ c2
0
R2m

R
→ 0. Renormalized one-point corrections are not 

generally positive measures. The absolute-moment hypothesis must therefore not be discarded in the signed 

problem. 

Quantitative assembly

Corollary (A sufficient assembled-contact criterion).  Suppose a separately normalized core correction has 

ℱR = ℰR + μR + 𝒵R

in the same density and smooth structure. Assume μ
R
 is radial, m

R
→ m, M

2, R
→ 0, and 𝒵

R
→ 𝒵

0
 strongly. Under 

Theorem , 

ℱR + γ
4π

Φp(T)δ𝒲 → 𝒵0 + (CB + m)δ𝒲.

For a fixed test-support stage, its error is bounded by the sum of: 

1. the exterior second-moment error in ; 

2. the scalar profile error in ; 
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3. C
K
(|m

R
− m|p

0
(f) + M

2, R
p

2
(f)); 

4. the actual 𝒵
R

− 𝒵
0
 pairing. 

Proof.  Add Theorem and , with d
R

= 0. No estimate for 𝒵
R
 is inferred from the other terms. 

The criterion is sufficient. Convergence of an absolute second moment is not asserted necessary for every signed 

family with cancellations. 

What exterior agreement misses

Proposition (Scalar and quadrupole interior counterexamples).  Choose a radial smooth ψ supported in r < 1

with ∫ ψ αd2x = 1. If R2|a
R
| → 0, then 

jR(x) = aRR−2ψ(x/R) satisfies jR − aRδ𝒲 → 0

strongly. It changes no value for r > R. It can therefore alter a finite contact or a log log (b
0
/R) coefficient without 

changing the exterior diagnostic. 

There also exists a radial smooth χ supported in r < 1 with 

∫ χ αd2x = 0, q = ∫ |x|2χ(x)αd2x ≠ 0.

For such a choice, 

R−4χ(x/R) → q
4

Δδ𝒲

strongly, with an O(R2p
4
(f)) remainder. 

Proof.  The first assertion is the radial second-moment estimate. Its error is at most C
K
|a

R
|R2p

2
(f). 

For the second, take the difference of two radial bumps with equal mass and different radial scales. The mass 

vanishes and the second moment does not. The scaled family has fixed signed second moment q and fourth 

absolute moment O(R2). Apply . 

Remark (Admissibility matters). The quadrupole limit lies outside the parent's scalar scaling-degree-2 ambiguity 
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class. It is not a new ambiguity inside that class. It shows that exterior agreement alone does not prove 

membership in the class. 

Likewise, neither interior counterexample is asserted to be the Wick square of a fixed physical core state in a fixed 

subtraction scheme. It identifies information that a proposed physical assembly theorem must control. 

Stopping condition (Physical core transfer remains open). The full interior prescription, nonzero angular-mode 

remainder, and stress-contact limit have not been calculated here for a named complete physical core. In 

particular, the finite traceless stress coordinate τ is not determined by a scalar moment calculation. 

I-B-VP-5's spatial selection is not a proof of the hypotheses of Corollary [19]. A finite report does not measure 

these missing limits, and conservation does not supply Einstein dynamics [12, 13, 22]. 

Stage C: a parameter-dependent logarithmic worldsheet primitive

This section is Euclidean. Let u ∈ ℝ2 be a relative worldsheet coordinate and set 

kα(u) = 1
4π2α|u|2

, 𝔯α = 1
2πα

.

For L
w

> 0, define 

langleP_Lw, f⟩ = lim
δdownarrow 0 [ ∫

|u| > δ
kα(u)f(u)d2u + 𝔯αlog (δ/Lw)f(0)].

This is a relative-worldsheet distribution. It is not the transverse generating distribution U
L
. 

Lemma (Primitive residue and finite freedom).  The limit exists strongly on fixed compact test-support stages 

and obeys 

(Eu + 2)PLw
= 𝔯αδ(2)(u), PL′

w
− PLw

= −𝔯αlog (L′
w/Lw)δ(2)(u).

Two extensions of k
α
 with scaling degree at most two differ by a scalar delta. 

Proof.  Angular Taylor averaging removes the constant term and leaves an integrable radial remainder. The Euler 

and scale identities follow by radial integration and by subtracting the defining finite parts. A supported 
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distribution of scaling degree at most two in two dimensions has only a zeroth delta jet. This is also the elementary 

instance of the extension framework in [7, 8]. 

Smooth external parameters

Let 𝒪 ⊆ ℝm be an external parameter domain and KSubset 𝒪. Let 

H ∈ C∞(𝒪; C∞
c (ℝ2

y × ℝ2
u))

have common compact support in (y, u). Put 

Jδ(X) = ∫
ℝ2

d2y ∫
|u| > δ

kα(u)H(X; y, u)d2u

+𝔯αlog (δ/Lw)∫ H(X; y, 0)d2y.

Let 𝒩
k, j

(H) denote the maximum of |∂λ
X
∂η

u
H| on the common compact support and X ∈ K, for |λ| ≤ k, |η| ≤ j. 

Theorem (Fixed-parameter-support Ck subtraction).  The functions J
δ
 converge in Ck(K), for every k, to a 

smooth J
Lw

. For sufficiently small δ, 

lVertJ_δ − JLw‖Ck(K)
≤ CK, Hδ2𝒩k, 2(H).

More precisely, 

Jδ(X) − JLw
(X) = − δ2

16πα
∫ ΔuH(X; y, 0)d2y + ℛδ(X),

‖ℛδ‖Ck(K)
≤ Cδ4𝒩k, 4(H).

The constants depend on the fixed supports, not on δ. 

Proof.  For each external multiindex λ, angular Taylor averaging gives 

∫
2π

0
∂λ

XH(X; y, rω)dθ = 2π∂λ
XH(X; y, 0) + πr2

2
Δu∂

λ
XH(X; y, 0) + O(r4𝒩k, 4(H)).

After the constant logarithm is subtracted, the difference between the cutoff expression and its limit is the negative 

of the remaining integral over 0 < r < δ. Since the radial measure is (4π2α)−1dr/r, its second-order term is 
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− 1
4π2α

π
2

δ2

2
ΔuH = − δ2

16πα
ΔuH.

The fourth-order remainder integrates to O(δ4). Using only the second-derivative Taylor remainder proves . 

Every external derivative acts on H on a fixed integration domain. Applying the same estimate to that 

differentiated amplitude proves convergence of the derivatives. No derivative of an error inequality is taken. 

Remark (The moving-singularity issue). Theorem works because the relative coordinate u is fixed before 

differentiation. If the singular locus itself depends on an external parameter, one must first make a controlled 

change to fixed relative coordinates and include its Jacobian and coefficient derivatives. A statement about one 

undifferentiated cutoff integral would not supply that argument. 

Stage C continued: a switched numerical sandwich

For a regular external Euclidean point X = (y
X
, r

X
, φ

X
), the neutral Friedrichs apex-endpoint kernel is 

GX(y) = GF(X, (y, 0)) = 1
4π2α(r2

X
+ |y

X
− y|2)

.

This normalization is the one used in Ex1 and Ex2 [17, 18]. 

Fix χ ∈ C∞
c
(ℝ2). For regular external X, Z, define 

H(X, Z; y, u) = χ(y)χ(y + u)GX(y)GZ(y + u)

and 

Dχ(X, Z) = ∫ χ(y)2GX(y)GZ(y)d2y.

For a scalar g, put 

S[2]
δ (X, Z) = g2[∫ d2y ∫

|u| > δ
kα(u)H(X, Z; y, u)d2u

+𝔯αlog (δ/Lw)Dχ(X, Z)].

Corollary (Controlled sandwich and local normalization).  Let K be a compact external set of pairs (X, Z) with 
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r
X
, r

Z
≥ r

0
> 0. Then S[2]

δ
 converges in Ck(K) to S[2]

Lw
, and 

lVertS_δ[2] − S[2]
Lw
‖

Ck(K)
≤ Ck, χ, α, K|g|2δ2.

If 0 < r
0

≤ 1, a conservative explicit radius dependence is 

Ck, χ, α, K ≤ C′
k, χ, α, Ky

r−6 − k
0 .

Its scale change is 

S[2]
L′

w
− S[2]

Lw
= −g2𝔯αlog (L′

w/Lw)Dχ.

For the declared relative-coordinate ambiguity P
Lw

↦ P
Lw

+ λ
w
δ(2)(u), the numerical kernel changes by g2λ

w
D

χ
. 

Proof.  The support of is common and compact in y, u. Both external endpoints stay a positive distance from the 

worldsheet, so the amplitude is smooth in all external variables. Apply Theorem . 

A derivative of total order j of (r2 + |y
X

− y|2)−1 is bounded by C
j
r−2 − j

0
. The two u-derivatives required by fall on 

χ(y + u)G
Z
(y + u). The product estimate gives the stated conservative r−6 − k

0
 dependence. Equation gives and the 

finite ambiguity. 

This evaluates the local logarithmic primitive inside one smoothly switched bulk-to-worldsheet-to-bulk numerical 

kernel. It is more than merely displaying its logarithmic residue. It is not the complete second-order λφ4 correction, 

a time-ordered operator product, or a resummed point interaction. 

The first-order baseline is not changed

For the real neutral convention λφ4/4!, the separate first-order apex and regular-diagonal subtractions use L and μ, 

respectively. They are at disjoint loci when the external point is regular [17, 18]. The contact-dependent term is 

checked directly from : 

∫
ℝ2

GX(y)2d2y = 1
16π3α2r2

X

, ∂
∂c

δλF(r) = − λ
32π3α2r2 .

The finite first-order constant is represented by the coordinate change 
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ceff = c − 32π3α2sAα, s = α−2 − 1
48π2 .

This algebraic reparametrization is not a physical selection of c. 

For S
def

= g∫
𝒲

φ2/2, comparison with gives 

g = λc
2

, Sdef = λc
4

∫
𝒲

φ2.

The second-order primitive length L
w
 is additional relative-worldsheet normalization data. It is not fixed by the 

transverse presentation length L or by the regular-diagonal scale μ. 

Stopping condition (Exact interaction boundary). The numerical sandwich theorem does not construct an 

interacting apex algebra, an all-orders product, a renormalization-group flow, or an interacting Ward identity. It 

also does not prove a uniform limit as external endpoints approach the worldsheet: the displayed r
0
-dependence 

records the loss of that estimate. 

A finite logarithmic zero-channel point interaction still has the negative eigenvalue −4e−2γE/L2
b
, obtained by 

matching the small-r expansion of K
0
 [1, 2]. That fact diagnoses one massless spectral realization, not every 

possible enlarged defect theory. 

The separate VII–IX product domains are not imported [25, 26]. Neither the response nor the sandwich supplies an 

Einstein equation [12, 22]. 

Stage D: the resonant family's full double-pole contribution

Boundary data and exact off-diagonal entry

Assume 

0 < ν0 < ν1 < 1, σ = ν0 + ν1 = α−1 ∈ (1, 2), δ = ν1 − ν0 > 0.

The holonomy is β = αν
0
. Fix a reference length for the boundary coefficients. All radial and momentum variables 

in this section are expressed in those fixed reference units; dimensions can be restored in the defining integral. 
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Take the infinite-energy rank-one boundary direction H = tww†, t → ∞, with w
0
w

1
≠ 0. The rank-one inverse 

formula gives 

C01(q) = −
K

w
q−δ

1 + d
w
q−2δ ,

where 

Kw = S−1
1

A
1

A
0

w
1

w
0

, dw =
S−1

1
A2

1
|w

1
|2

S−1
0

A2
0
|w

0
|2

> 0.

Define 

R01(r) = 1
4π2α

∫
∞

0
qC01(q)Kν0

(qr)Kν1
(qr)dq.

The real scalar off-diagonal part is 2Re (eiφR
01

(r)). 

For completeness, follows from 

C = S−1 − S−1uu†S−1

u†S−1u
, u = diag (Ajq

−νj)w.

Dividing numerator and denominator by the smaller-order diagonal term gives . In particular, the boundary-data 

phase is not discarded. 

Mellin factors and the fundamental strip

Let 

M(s) = 2s − 3

Γ(s)
∏

ε0, ε1 = ±1
Γ( s + ε

0
ν

0
+ ε

1
ν

1

2 ).

For Re s > σ, it equals ∫∞
0

us − 1K
ν0

(u)K
ν1

(u)du. One derivation inserts the two Schwinger representations of K
ν
, 

integrates in u, and evaluates the remaining beta integral. This is the classical Bessel Mellin formula [4, 5]. 

Direct substitution q2δ = d
w
v gives 

𝒞(z) = −
K

w
π

2δ
d(z − δ)/(2δ)

w csc(π(z + δ)
2δ ), − δ < Re z < δ.
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Since σ + δ = 2ν
1

< 2, the line 

2 − δ < c < 2 + δ

is a common fundamental line, and 

R01(r) = 1
4π2α

1
2πi

∫
Re s = c

r−sM(s)𝒞(2 − s)ds.

The logarithmic coefficient and its companion constant

Let ψ = Γ′/Γ be the digamma function. For m ≥ 1, impose the resonant family 

1 < σ < 2, δ = 2 − σ
2m + 1

, ν0 = σ − δ
2

, ν1 = σ + δ
2

.

Set 

ηℓ = (2ℓ + 1)δ, cℓ = −Kw(−dw)ℓ,

and define 

ℒm =
A

0
A

1
c

m

4π2α

=
(−1)m + 1S−1

1
A2

1

4π2α

w
1

w
0

dm
w,

ℬm = ℒm[log 2 +
ψ(ν

0
) + ψ(ν

1
) − ψ(σ) − γ

E

2
−

log d
w

2δ ].

Theorem (Complete resonant contribution with a controlled remainder).  For any 

0 < ε < min {2δ, 2ν0},

the expansion is 

R01(r) = 1
4π2α

∑
m − 1

ℓ = 0
cℓM(2 − ηℓ)r

−2 + ηℓ

+r−σ[ℒmlog (1/r) + ℬm] + O(r−σ + ε).
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For every fixed j ≥ 0, the remainder remains O(r−σ + ε) after applying (r∂
r
)j. 

The coefficient ℒ
m
 is nonzero for every mixed boundary direction w

0
w

1
≠ 0. 

Proof.  The simple ultraviolet poles of 𝒞(2 − s) occur at s = 2 − η
ℓ
. For ℓ < m, these lie strictly above σ and 

contribute the first line of . 

Write s = σ + ζ. Expanding gives 

M(σ + ζ) =
A

0
A

1

ζ
+ A0A1[log 2 +

ψ(ν
0
) + ψ(ν

1
) − ψ(σ) − γ

E

2 ] + O(ζ).

Indeed the singular gamma factor is Γ(ζ/2) = 2/ζ − γ
E

+ O(ζ); the three other gamma factors are regular and 

nonzero. 

Since 2 − σ = (2m + 1)δ, equation gives 

𝒞(2 − σ − ζ) =
c

m

ζ
−

c
m
log d

w

2δ
+ O(ζ).

The product has a double pole. Multiplication by r−σ − ζ = r−σ(1 − ζlog r + O(ζ2)) shows that its residue is exactly the 

second line of , with –. 

The next possible leftward matrix pole is σ − 2δ. The next Bessel pole is at δ, whose distance below σ is 2ν
0
. Thus 

the line Re s = σ − ε crosses no further pole. 

Stirling's formula makes M(s) decay exponentially on vertical lines, up to a polynomial. The cosecant factor in 

supplies additional exponential decay. Contour displacement is therefore justified and the new line contributes 

O(r−σ + ε). Multiplication of the integrand by (−s)j proves the differentiated remainder without differentiating an 

undifferentiated error bound. 

All factors in are nonzero in the mixed chart, proving the last assertion. 

Proposition (Exact cancellation conditions).  For the single mixed rank-one chart, the logarithmic scalar 

coefficient is 
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2Re (eiφℒm).

It vanishes identically as an angular function if and only if the off-diagonal chart is unmixed, w
0
w

1
= 0. For a 

mixed chart it can vanish at particular angles or under rotation averaging, but not as the complete angular 

distribution. 

More generally, in a specified sum of contributions with the same exponent and the same angular harmonic, the 

logarithm cancels exactly when the sum of their complex coefficients ℒ
m
, after the actual tensor or observable 

projection, is zero. 

Proof.  For a complex number z, Re (eiφz) vanishes for every φ exactly when z = 0. Equation excludes this in a 

mixed chart. For an unmixed direction the original inverse formula has C
01

= 0. The sum statement is linear 

independence of the specified power, logarithm, and angular harmonic after equal terms have been collected. 

No apex-supported contact can remove a nonzero off-apex logarithm: it has zero restriction to every regular open 

set, whereas does not. 

Stopping condition (Resonance ending). Theorem evaluates the complete double-pole contribution for the 

family . It does not classify every compressed chart, every coefficient cancellation, or every differentiated Ward 

flux. The actual-pole criterion of Ex1 and Ex2 remains a criterion on boundary data, not a closed countable set of 

points in the (α, β) plane. 

The off-apex logarithm is not automatically a supported dilation residue. No unrestricted stress/current extension 

or uniqueness theorem is released. 

Stage D concluded: KH elimination conditions and a higher-weight residual

Let 

Ri = εi
jx

j, ε =
0 −1
1 0( ).

The smooth Killing–homothety operations are 
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W1A(Q) = ∂μQ
μ

A,

W2(Q) = ∂i(Q
i
jR

j),

W3(Q) = ∂i(Q
i
jx

j) − Qi
i.

They are operations on the auxiliary completion, not a singular-metric index-lowering rule. 

The polar-vector submodule

For a fixed real v ≠ 0, put D
v

= vk∂
k
δ

𝒲
. Consider precisely 

QA
B = u δA

BDv, Qi
j = a0δ

i
jDv + b0v

i∂jδ𝒲 + c0vj∂
iδ𝒲,

with zero mixed blocks. This is the polar-vector, parity-even equivariant submodule, not the unrestricted first-jet 

space. 

Proposition (Exact polar-vector calculation).  The simultaneous KH equations and zero trace in have exactly 

the solutions 

QA
B = −

2a
0

3
δA

BDv,

Qi
j = a0[δi

jDv − 5
3

vi∂jδ𝒲 + vj∂
iδ𝒲].

For a
0

≠ 0, each of the following additional conditions excludes this submodule: 

1. reference-lowered symmetry; 

2. full reference divergence ∂
i
Qi

j = 0; 

3. degree-−4 almost homogeneity (E
x

+ 4)2Q = 0. 

Proof.  Using xℓ∂
k
δ

𝒲
= −δℓ

k
δ

𝒲
, W2 gives c

0
= a

0
, and W3 gives 

3a0 + 3b0 + 2c0 = 0.

The trace gives 2u + 2a
0

+ b
0

+ c
0

= 0. Thus b
0

= −5a
0
/3 and u = −2a

0
/3. W1 vanishes by longitudinal translation 

I-B-VP-1-Ex3 Uniform cut estimates, logarithmic Enter

34



invariance. 

The antisymmetric transverse part is 

Qij − Qji = −
8a

0

3
(vi∂j − vj∂i)δ𝒲,

and the full reference divergence is 

∂iQ
i
j = a0[vjΔ − 2

3
vk∂j∂k]δ𝒲.

Both are nonzero for a
0

≠ 0. Finally, every first normal delta jet obeys (E
x

+ 3)Q = 0, hence (E
x

+ 4)2Q = Q. 

Remark (A notational correction). Equation writes the constant vector coefficient explicitly. The ambiguous 

typography ∂
j
vk∂

k
 in Ex2 must not be read as differentiating the constant vk. The intended operator is vk∂

j
∂

k
. 

Why reference symmetry alone is not unrestricted uniqueness

Proposition (A symmetric higher-rotation-weight first jet).  Let S
ijk

 be a nonzero real, completely symmetric, 

trace-free rank-three tensor on ℝ2. Define 

Qi
j = Sijk∂kδ𝒲, QA

B = QA
i = Qi

A = 0.

Then Q is reference symmetric and traceless and satisfies W1–W3. It has transverse scaling degree three. It 

generally fails full reference conservation and degree-−4 almost homogeneity. 

An explicit example is 

(Qi
j) =

∂
1

−∂
2

−∂
2

−∂
1

( )δ𝒲.

Proof.  Trace-freeness gives Qi
i = 0. Symmetry in j, k and contraction with εj

k give 

Qi
jR

j = 0.

Contraction with xj gives 
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Qi
jx

j = −Sijjδ𝒲 = 0.

Thus W2 and W3 vanish, and W1 is automatic. The explicit tensor corresponds to S
111

= 1 and 

S
122

= S
212

= S
221

= −1. 

For , the reference divergence is 

(∂2
1 − ∂2

2, − 2∂1∂2)δ𝒲,

which is not zero. The Euler calculation is the same as in Proposition . 

The example has rotation weight three and is outside the polar-vector submodule. It is not automatically 

admissible for an off-diagonal state whose declared parameter dependence allows only a specific weight-one 

coefficient. That admissibility question must be stated, not inferred. 

Stopping condition (Exact KH scope). The polar-vector module and its three exclusions are completely 

calculated. The higher-weight example proves that removal of that module, or reference symmetry alone, is not a 

proof of unrestricted KH uniqueness. No complete supported contact classification is claimed. 

Regular g-symmetry does not authorize lowering supported tensors with the singular conical metric. These contact 

calculations neither normalize a physical core nor supply Einstein dynamics [16, 17, 18, 12, 22]. 

Dirac audit and the retained comparison boundary

No Dirac formula is used in the preceding proofs. The disclosed comparison remains unresolved [16, 17, 18]. For 

the supplied disputed brackets, 

P± = (α2 − 1)(17α2 + 7) + 120β2(α2 − 2β2 ± 1),

the exact difference is 

P+ − P− = 240β2.

An overall multiplicity or sign fixed at zero flux does not remove this flux-dependent difference. That observation 
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does not identify its physical origin. 

The primary record of Spinelly–Bezerra de Mello concerns a massless left-handed field and finite 

magnetic-flux-tube models [10]. Its journal reference is International Journal of Modern Physics D 13 (2004), 

607–624, as corrected in Ex2. This bibliographic correction is not a same-branch, same-chirality, same-flux, 

same-subtraction calculation. 

Stopping condition (Dirac ending). The coefficient discrepancy is not resolved. Neither paper is declared 

erroneous, and no new spinor domain, apex extension, or physical branch identification is asserted. The separately 

described Dirac-domain and scalar thermal projects in I-B-VP-7 and I-B-VP-8 remain non-identifications [27]. 

Reliability, coverage, and the release ledger

Evidence and execution

We retain the integrity discipline documented in XVI-O1-ST [23]: 

\texttt{ANALYTIC}  A result established by the displayed proof on the stated domain, including its identified 

classical analytical inputs. 

\texttt{SUPPLIED}  A version-qualified source statement or historical computational report not independently 

executed here. 

\texttt{UNCERTIFIED}  A numerical approximation or certification claim lacking the artifacts and total error 

bounds required for the stronger interpretation. 

An unproved mathematical implication is not converted into a numerical residual by attaching to it. It remains an 

open proof obligation. Conversely, the explicit crossing estimate is analytical, not a numerical fit. 

No symbolic program, quadrature, compiler, repository build, or proof assistant was executed for this draft. 

Historical reports in the parent source remain attributed reports. The source-level calculations here do not 

independently rerun them. 
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Updated residual table

toprule Object Status Exact boundary or retained residual 

midrule endfirsthead toprule Object Status Exact boundary or retained residual 

midrule endhead bottomrule endfoot 

Compressed inverse and matrix boundary spectrum ANALYTIC Fixed positive orders; compression before 

inversion; no logarithmic channel. 

Ultraviolet transition ANALYTIC Three regions in ; explicit global power μ < 1. 

Crossing-region spectral tail ANALYTIC Equation ; no fixed spectral-cutoff residual remains. 

Weighted linear boundary limit ANALYTIC Same representation, strong on 𝓓
fin

, rate r2a. 

Wick-quadratic consequence ANALYTIC Strong on 𝓓
c
; not all finite-particle vectors. 

General bulk apex Wick algebra OPEN No unrestricted product or complete interacting domain. 

Measurable-profile exterior concentration ANALYTIC Weighted-integrable ultraviolet tails; test error and scalar 

mass error separated. 

Logarithmic-power mass law ANALYTIC Dini remainder ; explicit error . 

Full physical core-contact limit OPEN Interior, nonzero-mode, and local subtraction hypotheses not verified for a 

complete physical prescription. 

Moment-controlled assembly Conditional theorem Corollary ; actual remainder 𝒵
R

− 𝒵
0
 retained. 

Physical stress scale shift and τ OPEN A scalar moment does not calculate the stress remainder. 

Second-order relative-worldsheet primitive ANALYTIC Parameter-dependent Ck estimate and leading δ2 cutoff 

error. 

Switched numerical sandwich ANALYTIC Regular external compact sets only; not the full second-order 
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interacting coefficient. 

All-orders interaction OPEN No time-ordering, complete graph inventory, or interacting Ward theorem. 

Resonant Laurent calculation ANALYTIC Exact logarithm, companion constant, and shifted-contour remainder 

for the stated family. 

General resonance classification OPEN Other charts, actual cancellations, and differentiated Ward fluxes remain 

separate. 

KH contacts Restricted calculation Polar-vector module solved; explicit higher-weight residual; no unrestricted 

classification. 

Dirac discrepancy Retained audit No physical resolution or new spinor theorem. 

Finite probes need coverage

Proposition (Finite-probe criterion).  Let Z be a proved finite-dimensional residual space and P : Z → ℝk a 

declared linear probe map. Vanishing of every probe implies z = 0 for every z ∈ Z exactly when P is injective. In a 

fixed norm on Z, injectivity implies 

‖z‖ ≤ CZlVertPz ‖∞.

Proof.  The first statement is Ker P = {0}. For the estimate, lVertPz ‖
∞
 has a positive minimum on the compact unit 

sphere of Z. 

This is the finite-test distinction documented in Oai282-A [24]. The required elementary criterion is proved here. 

No external catalogue theorem is a premise. 

Every identity released in this paper is proved on arbitrary tests in its stated class. Finite samples establish neither 

class membership nor coverage. In particular, tests supported away from 𝒲 annihilate all apex contacts and cannot 

select (c, τ, w). 
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Release theorem and unchanged programme boundaries

Theorem (I-B-VP-1-Ex3 mathematical release).  On the host, completion, density, positive-order product 

boundary laws, and numerical subtraction prescriptions specified above, the following are established: 

1. the complete difference spectral density obeys and ; 

2. the ultraviolet crossing contribution obeys , and the weighted boundary fields have the untruncated 

same-representation limit ; 

3. their Wick quadratics have the common-domain consequence ; 

4. measurable profiles satisfying Assumption have the quantitative exterior concentration ; 

5. with the Dini expansion , their mass and contact laws are –; 

6. interior contributions have the moment bounds –, the sufficient assembly , and the explicit nonimplication 

witnesses of Proposition ; 

7. the relative-worldsheet primitive has the parameter-dependent estimates –, and its switched regular-external 

sandwich has –; 

8. the resonant family has the full double-pole contribution , with the exact cancellation conditions of Proposition 

; 

9. the polar-vector KH module and its exclusions are as in Proposition , and the higher-weight residual satisfies 

the stated KH equations. The full physical core-contact problem, unrestricted resonance and contact 

classifications, Dirac discrepancy, and interacting completion remain unclosed. 

Proof.  Items (i)–(iii) are Theorem , Corollary , Theorem , and Proposition . Items (iv)–(vi) are Theorems , , , 

Corollary , and Proposition . Item (vii) is Theorem and Corollary . Items (viii)–(ix) are Theorem and Propositions , 

, and . The final sentence records constructions not supplied by these results. 
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Separations preserved by the release

The following implications are not asserted: 

• strong resolvent convergence ⇒ inverse-covariance or one-point convergence; 

• exterior concentration ⇒ a complete normalized physical contact; 

• a linear boundary field ⇒ a Gaussian quadratic field; 

• a numerical primitive extension ⇒ an interacting time-ordered algebra; 

• a Mellin logarithm ⇒ a supported dilation anomaly; 

• KH compatibility ⇒ singular-metric Levi-Civita differentiation; 

• finite reporting ⇒ field acquisition or source dynamics. 

The global wavefront, threshold, Maxwell, spatial-selection, non-product, Dirac-domain, and thermal companion 

projects retain their own domains [15, 19, 27]. No statement about one of them is obtained by renaming a kernel in 

the present proof. 

Characteristic-composition boundaries

The supplied historical XIV-H record has its H2 stop. The supplied XIV-I record constructs its named I2 internal 

amplitude while leaving the joint map unresolved at I3. The supplied XIV-J record constructs a supported-sector 

reference on its stated domain while leaving the full map unresolved at J2 [28]. These version-qualified statements 

are not collapsed into one verdict; the I2 advance is not withdrawn. 

Nothing here constructs: 

1. the full joint characteristic map on tests crossing its characteristic locus; 

2. its joint section and complete remainder; 

3. its uniform transverse estimates; 
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4. compatibility with its partial contacts and singular spectators; 

5. its complete output wavefront theorem after pushforward; 

6. normalized admission in its stated quantum output space. The constructed worldsheet primitive is a different 

distribution on a different space. Technical XV manuscripts may exist without opening the downstream 

quantum-admission exit. 

Standing programme records

In the requested programme reading: 

• Problems 1, 2, and 8 remain unfinished. 

• Problems 3–7 and 9–11 are not reached. Problem 6 is not the implication attempted here. 

• Problem 12 remains unresolved. 

• XVI-O retains nolinkurl O. 1 = NOT
C
LOSED and nolinkurl bulk

s
ymmetry

r
estored = false. 

• XVI-N and Route B are not discharged. 

• XV-B's downstream quantum-admission exit is not opened. 

• The historical H2 ending and unresolved I3/J2 obligations are not updated by this paper. 

The supplied XVI-Q Q11 record reports a separately scoped two-point result in a different prescription. That 

report is neither erased nor imported here; it does not update XVI-O or restore bulk symmetry [29]. 

No spacetime emergence, Einstein dynamics, Maxwell or Einstein backreaction, Page curve, de Sitter state, 

cosmological bounce, or ultraviolet completion is constructed. No inherited characteristic quantum coefficient is 

admitted. OpenAI catalogue entries, including Family 282, are external records and not premises. 

appendix 
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The resolvent methodological boundary

For completeness, the distinction used in the core comparison has a simple fixed-vector witness. 

Proposition (Strong resolvent convergence does not control inverse weights). There exist positive bounded 

operators B
n
, each with bounded inverse, such that B

n
→ I strongly in the resolvent sense, but for a fixed v ∈ ℓ2(ℕ)

, 

langlev, B−1/2
n v⟩ → +∞.

Proof.  Let B
n
 equal I except on the n-th basis vector, where its eigenvalue is 2−8n. For s > 0, the resolvent 

difference applied to f has norm at most C
s
|f

n
| → 0. Take v

j
= 2−j. Its n-th contribution to the inverse-weight form 

is 

2−2n(2−8n)−1/2 = 22n.

Every individual form value is finite, but the sequence diverges. 

The standard Mosco lower-bound and recovery conditions do imply strong resolvent convergence by the 

minimization of 

Qn[u] + s‖u‖2 − 2Re ip fu.

The recovery inequality imposes no energy condition at points where the limiting form is +∞. These variational 

facts, recalled in Ex1 and Ex2, do not supply the additional inverse-weight, coincidence, or renormalized contact 

estimates [9, 17, 18, 19]. No new physical-core conclusion is inferred here. 

Debugging, source scope, and submission declarations

toprule Potential gap or overstatement Treatment in Ex3 

midrule endfirsthead toprule Potential gap or overstatement Treatment in Ex3 

midrule endhead bottomrule endfoot 
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An unspecified ultraviolet polynomial hides the crossing √τr ≥ 1 The three-region bound and explicit crossing 

integral give its power and smeared error. 

The jump of every resolvent correction is positive Only the complete spectral Gram difference is positive; 

correction terms are bounded in norm. 

Compression can be moved through inversion The inverse is taken on V after compression. 

A boundary estimate is uniform through ν = 0 or ν = 1 Orders are fixed in a compact positive deficient range; 

endpoint uniformity is not claimed. 

Quadratic convergence holds on all finite-particle vectors The common domain remains 𝓓
c
. 

A reflection profile must have pointwise controlled ultraviolet growth Weighted integrability suffices for the 

larger measurable class. 

A scalar mass asymptotic is already a distributional limit The independent second-moment estimate is supplied. 

A signed interior family has no higher jets because its support shrinks Mass, dipole, and quadrupole terms are 

separated explicitly. 

Exterior agreement proves membership in the scalar contact class The quadrupole witness shows why a separate 

admissibility estimate is needed. 

External differentiation commutes with a moving singular cutoff automatically The relative variable is fixed 

before differentiation; the derivative estimate is proved on the resulting amplitude. 

A renormalized numerical sandwich is an interacting product Only that switched kernel and its local normalization 

are released. 

The Mellin logarithm is known only up to a proportionality constant Both Laurent coefficients and a 

shifted-contour remainder are evaluated. 

Vanishing at one angle removes an off-diagonal logarithm The complete angular coefficient must vanish; a mixed 
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chart does not satisfy that condition. 

Removing the polar-vector KH contact proves unrestricted uniqueness The explicit symmetric weight-three 

contact remains outside that module. 

A bibliographic correction resolves the spinor discrepancy The physical Dirac audit remains unresolved. 

Supplied-source scope.  The complete I-B-VP-1-v4, Ex1-v1, and Ex2-v1 sources were supplied. Other Cheung 

records are used only at the scope specified by their supplied excerpts or consulted introductory pages. The large 

retrieval inventory is not treated as a complete corpus audit or as a list of mathematical premises. The unavailable 

online coverage page is not used as a proof input; Proposition supplies the criterion required here. 

Literature scope.  Classical Bessel formulas, primary article records, and the cited extension literature are used 

for attribution and the explicitly identified analytical inputs. No full audit of every cited paper is asserted. No 

unquoted theorem from I-B-VP-AB or I-B-VP-SAE is needed to derive the boundary inverse used here. 

Execution scope.  No successful pdfLaTeX run, numerical experiment, symbolic algebra execution, 

proof-assistant check, independent rebuild, independent referee review, or journal acceptance is asserted. The 

proofs are the written calculations on the declared domains. 

Source format.  This is a single-file pdfLaTeX source with an internal bibliography. No external code, data, 

figure, or bibliography file is required. Two compiler runs are intended. The author name follows the supplied 

series; submission requires the author's approval of the text, attribution, and scope. 

Final distinction.  The uniform boundary estimate, measurable-profile concentration theorem, and 

parameter-dependent primitive are concrete mathematical advances. They do not become a complete physical 

defect theory by sharing a worldsheet, a contact coordinate, or an Enter report. 
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\begin{abstract}
We continue the domain-explicit apex analysis of
I-B-VP-1-Ex2 on the prescribed conical product.
For nonnegative compressed positive-order boundary charts,
we replace an unspecified ultraviolet polynomial by explicit
three-region bounds for the spectral density of the weighted
radial-to-boundary difference.
The region \(\sqrt{\tau}\,r\geq1\) is controlled uniformly in
the nonnegative boundary matrix, and its smeared contribution
has arbitrarily high algebraic order in \(r\).
This supplies a direct quantitative justification of the
untruncated boundary limit and its Wick-quadratic consequence
on the stated energy-cutoff finite-particle domain.

For exterior core diagnostics, we allow measurable reflection
profiles with only weighted-integrable ultraviolet tails.
Logarithmic-power behavior at zero produces a unified
concentration law, including the coefficient
\(-1/(4\pi)\) in the double-logarithmic case, with explicit
test-uniform and profile-remainder bounds.
A moment expansion separates scalar contacts, dipoles, and
quadrupoles, showing precisely why exterior information does
not determine an assembled physical contact.

We also extend the relative-worldsheet logarithmic primitive
against smooth parameter-dependent amplitudes, prove a
fixed-external-support \(C^k\) estimate for a switched
bulk-to-worldsheet-to-bulk numerical sandwich, and calculate
both Laurent coefficients at the infinite family's resonant
Mellin pole.
The logarithmic coefficient has an exact phase-sensitive
cancellation criterion; its companion constant is given by
gamma and digamma functions.
An explicit higher-rotation-weight KH contact supplements
the polar-vector admissibility audit.

The potential usefulness lies in replacing formal apex
assignments by quantitative domain, concentration, and
normalization tests.
No priority is claimed for Bessel extensions, generalized free
fields, or local distributional renormalization.
The complete physical core limit, unrestricted resonance and
contact classifications, Dirac discrepancy, and interacting
completion remain open.
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%======================================================================
\section{Opening boundaries and the problem being continued}
\label{sec:introduction}
%======================================================================

\subsection{The prescribed Enter framework}

Cheung's philosophy of Enter distinguishes destructive readout,
quantum return, an installed description, and physical
identification \cite{CheungPhilosophy}.
The spacetime model of I-B prescribes a classical conical
product and a separate finite operational interface
\cite{CheungIB}.
Neither the philosophical essay nor the interface selects the
continuum field objects studied below.

The finite interface can be recalled without importing a
continuum measurement assertion.
Let \(C\) have a calibrated orthonormal basis
\(\{\ket{\tau_j}\}\), let \(A\) contain all surviving finite
registers, and retain the outcome label even when installed
report words coincide. Put
\begin{equation}
 D_j=\bra{\tau_j}_C\otimes I_A,\qquad
 \mathcal M(X)=
 \sum_j\proj{j,w_j}_R\otimes D_jXD_j^\dagger .
 \label{eq:instrument}
\end{equation}
Its Kraus completeness and discard identities are
\[
 \sum_jD_j^\dagger D_j=I_{CA},\qquad
 \Tr_R\mathcal M(X)=\Tr_CX.
\]
Expansion in clock matrix units proves these identities,
including after adjoining an untouched finite reference.
The quantum output contains \(A\), not a returned \(C\).
Positive-probability branches retain their actual conditional
residual states; no normalized zero-probability branch is
assigned.

This is the supplied-report interface of I-B and En09-A
\cite[\loc{thm:instrument}]{CheungIB}
\cite{CheungEn09}.
It does not acquire an unknown continuum worldsheet field,
select a self-adjoint domain, prepare the spectral state, or
normalize an apex contact.
The geometric time coordinate is not consumed.

\subsection{Non-sourcing}

A distributional extension and a conserved contact are not
source equations.
No result below imposes
\[
 G_{\mu\nu}+\Lambda g_{\mu\nu}=\kappa T_{\mu\nu}.
\]
The distinctions in I-B \loc{prop:not-source} and X-A-ST
\loc{prop:noeinstein} are retained
\cite{CheungIB,CheungXAST}.
In particular, a smooth representative of a Ward identity is
not a definition of every singular-metric operation.

\subsection{Relationship to Ex2}

The complete supplied sources of I-B-VP-1, Ex1, and Ex2 are
the principal records being continued
\cite{CheungVP1,CheungEx1,CheungEx2}.
The present work addresses five specific points:
\begin{enumerate}[label=\textup{(\Alph*)}]
\item the ultraviolet transition in compressed boundary charts;
\item exterior concentration and moment-controlled assembly;
\item the relative-worldsheet logarithmic subtraction with
smooth external parameters;
\item resonant Laurent coefficients and KH admissibility;
\item reliability, retained residuals, and exact stopping conditions.
\end{enumerate}

The new ultraviolet proof specifies the polynomial power
and the crossing-region tail instead of invoking an
unspecified polynomial.
It also distinguishes the positive spectral density of the
complete difference from the generally nonpositive jump of
an individual resolvent-correction term.

The exterior theorem weakens ultraviolet profile assumptions
and gives quantitative concentration.
It does not identify the diagnostic with the complete Wick
square of a physical core.
The worldsheet sandwich is a numerical kernel with one
declared primitive extension, not an interacting operator
product.

\subsection{Attribution and novelty scope}

Bessel extensions, cone boundary conditions, generalized
free fields, and scaling-degree renormalization have
established foundations
\cite{KayStuder,DerezinskiRichard,DuetschRehren,BF,Dang}.
Core-sensitive long-range effects are also established
\cite{AKO}.
The contribution here is narrower: explicit uniform estimates,
a larger measurable profile class, moment-resolved transfer,
and a complete resonant Laurent calculation for the stated
companion problem.

The form-domain and supported-transfer statements of I-B-G,
the infrared language of I-B-VP, and the operator-selection
comparisons of I-B-VP-5 are kept separate from the boundary
limits proved here
\cite{CheungIBG,CheungVP,CheungVP5}.
I-B-VP-AB and I-B-VP-SAE are comparison records, not
unquoted analytical premises \cite{CheungAB,CheungSAE}.

%======================================================================
\section{Geometry, normalization, and domains}
\label{sec:setup}
%======================================================================

Fix
\[
 0<\alpha<1,\qquad 0\leq\beta<1.
\]
The regular host and its declared completion are
\begin{equation}
 \begin{split}
 M&=\RR_t\times(0,\infty)_r\times S^1_\varphi\times\RR_z,\\
 g&=-\dd t^2+\dd r^2+\alpha^2r^2\dd\varphi^2+\dd z^2,\\
 \overline M&=\RR_y^{1+1}\times\RR_x^2,\qquad
 y=(t,z),\qquad x=(r\cos\varphi,r\sin\varphi).
 \end{split}
 \label{eq:geometry}
\end{equation}
The apex is the worldsheet
\(\WW=\RR_y^{1+1}\times\{0\}\).
Use the auxiliary smooth metric and density
\begin{equation}
 \sg=-\dd t^2+\dd z^2+(\dd x^1)^2+(\dd x^2)^2,\qquad
 \dd\Omega=\alpha\,\dd^2y\,\dd^2x.
 \label{eq:density}
\end{equation}
Define
\begin{equation}
 \pair{\deltaW}{f}=\int f(y,0)\,\dd^2y,\qquad
 \salpha=2\pi\alpha .
 \label{eq:delta}
\end{equation}
Thus \(\deltaW=\alpha^{-1}\delta^{(2)}(x)\) relative to
\(\dd\Omega\).

These \(x\)-coordinates are not developing coordinates.
No smooth value of the conical metric at \(x=0\) is supplied.
No multiplication of a delta derivative by that metric is
used.

For the charged field use the lifted holonomy convention
\[
 \Phi(\varphi+2\pi)=e^{2\pi\ii\beta}\Phi(\varphi),\qquad
 q_n=n+\beta,\qquad \nu_n=|q_n|/\alpha.
\]
Transverse comparisons can be made in the periodic gauge
\(e^{-\ii\beta\varphi}\Phi\).
This is a declared punctured-plane gauge, not an extension
of nontrivial flat holonomy through the apex.

\subsection{Spectral variables}

For a worldsheet test \(h\), let
\begin{equation}
 \widehat h(\omega,k)=
 \int e^{\ii\omega t-\ii kz}h(t,z)\,\dd t\,\dd z,
 \qquad
 \Vp=\{(\omega,k):\omega>|k|\}.
 \label{eq:Fourier}
\end{equation}
The transverse spectral value will be denoted by
\(\tau>0\), so that
\(\omega=\sqrt{k^2+\tau}\).
For mass squared \(\tau\), set
\begin{equation}
 \Delta_+^{(1+1)}(y;\tau)=
 \int_{\RR}\frac{\dd k}{2\pi\,2\sqrt{k^2+\tau}}\,
 e^{-\ii\sqrt{k^2+\tau}(t-\ii0)+\ii kz}.
 \label{eq:Delta}
\end{equation}

For vector-valued \(h\), one convenient seminorm is
\[
 P_N(h)=
 \sup_{\omega,k}
 (1+\omega^2+k^2)^{(N+2)/2}
                      \norm{\widehat h(\omega,k)}.
\]
Increasing \(N\), or adjoining finitely many Fourier
derivatives, gives the other Schwartz seminorms used below.

\subsection{Two Fock domains}

Let \(\HH_1\) be the one-particle space of the declared
spectral state.
For charged fields include the particle space and its
conjugate antiparticle space.
On the bosonic Fock representation, define
\[
 \DD_{\mathrm{fin}}
 =
 \bigcup_{n<\infty}\bigoplus_{j=0}^n
                           \HH_1^{\otimes_s j}.
\]
The linear estimate
\begin{equation}
 \norm{(a(v)+a^*(v))\Psi}
 \leq2\norm v\,\norm{(N+1)^{1/2}\Psi}
 \label{eq:fieldbound}
\end{equation}
will be used for linear limits.

For quadratics use the smaller common dense domain
\begin{equation}
 \DD_{\mathrm c}
 =
 \bigcup_{\substack{n<\infty\\E<\infty}}
 \{\Psi:\text{at most }n\text{ particles, each with }
                         0\leq\omega\leq E\}.
 \label{eq:Dc}
\end{equation}
This is a domain, not an assertion of invariance under
the quadratic operators.
Particle number alone does not bound energy.
No quadratic convergence theorem on all of
\(\DD_{\mathrm{fin}}\) is asserted.

%======================================================================
\section{Stage A: compressed resolvents and positive boundary spectrum}
\label{sec:resolvent}
%======================================================================

\subsection{The positive-order product boundary law}

Consider a fixed finite set of deficient orders
\[
 0<\nu_j<1,\qquad j=1,\ldots,d.
\]
The logarithmic order \(\nu=0\) is excluded in this section.
Let
\[
 L_j=-\partial_r^2-r^{-1}\partial_r+\nu_j^2r^{-2}
\]
on \(L^2((0,\infty),r\dd r)\).
Write the boundary expansion as
\[
 f_j(r)=a_jr^{-\nu_j}+b_jr^{\nu_j}+o(r^{\nu_j}).
\]
Choose \(V\subseteq\CC^d\), its orthogonal projection \(P_V\),
and a Hermitian \(H_V\geq0\) on \(V\).
The boundary relation is
\begin{equation}
 a\in V,\qquad
 P_V\diag(\nu_j)b=H_Va.
 \label{eq:boundarylaw}
\end{equation}
It is independent of longitudinal momentum.

The boundary Green form is, up to its orientation sign,
\[
 2\sum_j\nu_j(\overline a_jb'_j-\overline b_ja'_j).
\]
Relation \eqref{eq:boundarylaw} is a maximal isotropic
relation for this form.
The endpoint at infinity is limit-point.
It therefore specifies a self-adjoint radial realization.
The standard one-channel setting is described in
\cite{KayStuder,DerezinskiRichard}; the compressed
normalization needed here is calculated next.

Set
\begin{equation}
 A_j=2^{\nu_j-1}\Gamma(\nu_j),\quad
 S_j=\frac{\pi}{2\sin(\pi\nu_j)},\quad
 d_j=\frac{S_j}{A_j^2},\quad
 a=\min_j\nu_j,\quad b=\max_j\nu_j.
 \label{eq:constants}
\end{equation}
Here \(a,b\) denote exponent bounds, not boundary vectors.
Let \(\iota:V\hookrightarrow\CC^d\) be inclusion and define
\begin{equation}
 B_V(\zeta)=2H_V+
 P_V\diag(d_j\zeta^{\nu_j})\big|_V,\qquad
 F(\zeta)=\iota B_V(\zeta)^{-1}\iota^\dagger ,
 \label{eq:B}
\end{equation}
with principal powers on \(\CC\setminus(-\infty,0]\).
For \(V=\{0\}\), set \(F=0\).

\begin{lemma}[Normalized compressed resolvent]
\label{lem:resolvent}
Put \(E(\zeta)=\diag(A_j\zeta^{-\nu_j/2})\).
Relative to \(r'\dd r'\), the resolvent kernel is
\begin{align}
 \mathcal R_\zeta(r,r')
 ={}&
 \diag\!\left(
 I_{\nu_j}(\sqrt\zeta\,r_<)
 K_{\nu_j}(\sqrt\zeta\,r_>)
 \right)
 \nonumber\\
 &+\diag(K_{\nu_j}(\sqrt\zeta\,r))E(\zeta)^{-1}
 F(\zeta)E(\zeta)^{-1}
 \diag(K_{\nu_j}(\sqrt\zeta\,r')).
 \label{eq:Rzeta}
\end{align}
In a full chart,
\[
 E^{-1}FE^{-1}=(S+2EHE)^{-1}.
\]
The radial realization is nonnegative.
\end{lemma}

\begin{proof}
The Wronskian of \(I_\nu,K_\nu\) gives the first Green
kernel.
At zero,
\[
 I_\nu(pr)\sim I_\nu^0p^\nu r^\nu,\qquad
 K_\nu(pr)\sim A_\nu p^{-\nu}r^{-\nu}
                          +B_\nu p^\nu r^\nu,
\]
where
\[
 I_\nu^0=\frac{2^{-\nu}}{\Gamma(1+\nu)},\qquad
 B_\nu=2^{-\nu-1}\Gamma(-\nu).
\]
The reflection identity gives
\[
 2\nu I_\nu^0A_\nu=1,\qquad
 I_\nu^0S_\nu+B_\nu=0.
\]
Imposing \eqref{eq:boundarylaw} on the Green kernel
therefore gives \eqref{eq:Rzeta}.
Compression occurs before inversion.

The resolvent correction has finite rank in the radial
resolvent sense.
Negative eigenvalues could occur only when the boundary
matrix for a decaying \(K_\nu\) solution is singular at
\(\zeta>0\).
But \(B_V(\zeta)>0\) there, unless \(V=\{0\}\), which is
Friedrichs.
There is no negative spectrum.
There is no square-integrable zero solution: the
zero-energy powers are not square integrable at infinity
for \(0<\nu_j<1\).
\end{proof}

\subsection{Uniform bounds before taking the cut}

For matrices use
\(\Ima T=(T-T^\dagger)/(2\ii)\).

\begin{lemma}[Uniform compressed inverse]
\label{lem:inverse}
For the fixed orders, uniformly in \(V\) and \(H_V\geq0\),
\begin{equation}
 \norm{F(\zeta)}\leq C
 \begin{cases}
 |\zeta|^{-b},&0<|\zeta|\leq1,\\
 |\zeta|^{-a},&|\zeta|\geq1.
 \end{cases}
 \label{eq:Finverse}
\end{equation}
These estimates hold up to either shore of the cut.

If
\[
 Y(\tau)=
 P_V\diag(d_j\sin(\pi\nu_j)\tau^{\nu_j})\big|_V,
\]
then
\begin{equation}
 -\Ima B_V(-\tau+\ii0)^{-1}
 =
 B_V(-\tau+\ii0)^{-1}Y(\tau)
                         B_V(-\tau+\ii0)^{-*}\geq0.
 \label{eq:inversejump}
\end{equation}
\end{lemma}

\begin{proof}
Let \(\zeta=|\zeta|e^{\ii\theta}\), \(|\theta|\leq\pi\).
After multiplying the quadratic form by
\(e^{-\ii b\theta/2}\), its real part is at least
\[
 \cos(\pi b/2)
 \left(
 2\ip{u}{H_Vu}
 +\sum_jd_j|\zeta|^{\nu_j}|(\iota u)_j|^2
 \right).
\]
The cosine is positive because \(b<1\).
This proves invertibility and \eqref{eq:Finverse},
uniformly in the compressed chart.
Subtracting the inverse and its adjoint gives
\eqref{eq:inversejump}.
\end{proof}

\begin{proposition}[Boundary spectral density]
\label{prop:boundarydensity}
The Euclidean boundary covariance
\[
 \widetilde W_a(\zeta)=\frac1{2\pi\alpha}F(\zeta)
\]
has the Stieltjes representation
\begin{equation}
 \widetilde W_a(\zeta)
 =\int_0^\infty\frac{\rho_a(\tau)}{\zeta+\tau}\,\dd\tau,
 \qquad
 \rho_a(\tau)=
 -\frac1{2\pi^2\alpha}\Ima F(-\tau+\ii0)\geq0.
 \label{eq:rho_a}
\end{equation}
There are no polynomial additions or zero-mass atoms.
Moreover,
\begin{equation}
 \norm{\rho_a(\tau)}\leq C
 \begin{cases}
 \tau^{-b},&0<\tau\leq1,\\
 \tau^{-a},&\tau\geq1.
 \end{cases}
 \label{eq:rhobound}
\end{equation}
\end{proposition}

\begin{proof}
Equation~\eqref{eq:inversejump} gives positivity, and
\eqref{eq:Finverse} gives the bounds.
A keyhole contour applied entrywise to \(F\) yields
\eqref{eq:rho_a}.
The small circle vanishes because \(b<1\), and the large
circle vanishes because \(a>0\).
Thus no extra polynomial or \(1/\zeta\) term remains.
\end{proof}

\begin{remark}[What positivity does not mean]
The positive matrix \(\rho_a\) is a cut jump, not the
Euclidean value \(F(p^2)\) renamed as a spectral density.
The spectral generalized-free-field interpretation is the
Gaussian one \cite{DuetschRehren}.
It does not make a nonzero Wick quadratic Gaussian.
\end{remark}

%======================================================================
\section{Stage A continued: an explicit ultraviolet crossing estimate}
\label{sec:UV}
%======================================================================

\subsection{The complete difference density}

Define
\begin{equation}
 D_r(\zeta)=
 \diag\left(
 \frac{(\sqrt\zeta\,r)^{\nu_j}
                       K_{\nu_j}(\sqrt\zeta\,r)}{A_j}
 \right),\qquad
 T_r(\zeta)=D_r(\zeta)-I.
 \label{eq:Dr}
\end{equation}
The weighted radial evaluations are
\begin{equation}
 A_{r,j}(h)=
 r^{\nu_j}\frac1{2\pi}\int_0^{2\pi}
                 e^{-\ii q_j\varphi}\Phi(h,r,\varphi)
                                                     \,\dd\varphi .
 \label{eq:Ar}
\end{equation}

On compact spectral intervals away from zero, the Bessel
expansions in Lemma~\ref{lem:resolvent} give a boundary
evaluation as a limit in the spectral Gram kernel.
The resolvent expression for the difference between a
weighted radial evaluation and that boundary evaluation is
\begin{equation}
 \mathcal P_r(\zeta)=
 \diag\left(
 r^{2\nu_j}I_{\nu_j}(\sqrt\zeta\,r)
                         K_{\nu_j}(\sqrt\zeta\,r)
 \right)
       +T_r(\zeta)F(\zeta)T_r(\zeta).
 \label{eq:Pdiff}
\end{equation}
Its spectral density, with angular normalization included,
is
\begin{equation}
 \rho_{e,r}(\tau)=
 -\frac1{2\pi^2\alpha}
                       \Ima\mathcal P_r(-\tau+\ii0).
 \label{eq:rhodiff}
\end{equation}

\begin{remark}[Analytic products versus adjoints]
The analytic expression in \eqref{eq:Pdiff} is
\(T_rFT_r\), not \(T_rFT_r^\dagger\).
Its lower-shore value is the adjoint of its upper-shore
value.
The jump of this correction term need not be positive.
Positivity belongs to the complete difference density
\(\rho_{e,r}\), obtained from the full resolvent Gram
kernel.
The estimates below bound the norm of each contribution;
they do not assume termwise spectral positivity.
\end{remark}

\subsection{Fixed-order Bessel bounds}

Put
\begin{equation}
 \vartheta=\max\{b-\tfrac12,0\},\qquad
 \mu=\max\{a,\vartheta-a\}<1.
 \label{eq:exponents}
\end{equation}

\begin{lemma}[Bounds on the two cut regions]
\label{lem:Besselcut}
For \(w>0\), with constants depending only on the fixed
finite set of orders,
\begin{align}
 \max_j\left|
 \frac{(\ii w)^{\nu_j}K_{\nu_j}(\ii w)}{A_j}-1
 \right|
 &\leq Cw^{2a},&&0<w\leq1,
 \label{eq:Dsmall}\\
 \max_j\left|
 \frac{(\ii w)^{\nu_j}K_{\nu_j}(\ii w)}{A_j}-1
 \right|
 &\leq Cw^\vartheta,&&w\geq1,
 \label{eq:Dlarge}\\
 |J_{\nu_j}(w)|&\leq Cw^{\nu_j},&&0<w\leq1,
 \label{eq:Jsmall}\\
 |J_{\nu_j}(w)|&\leq Cw^{-1/2},&&w\geq1.
 \label{eq:Jlarge}
\end{align}
The same modulus bounds hold on the other shore.
\end{lemma}

\begin{proof}
For \(0<\nu<1\), the two small-argument series give
\[
 \frac{z^\nu K_\nu(z)}{A_\nu}
       =1+O(z^{2\nu})+O(z^2).
\]
This proves \eqref{eq:Dsmall}.
The \(J_\nu\) series proves \eqref{eq:Jsmall}.

On the imaginary axis, the connection with Hankel functions
and their fixed-order large-argument expansion give
\[
 |K_\nu(\ii w)|\leq Cw^{-1/2},
 \qquad |J_\nu(w)|\leq Cw^{-1/2}.
\]
Thus \(w^\nu K_\nu(\ii w)\) grows at most as
\(w^{\nu-1/2}\), giving \eqref{eq:Dlarge}.
Continuity on the compact transition interval completes
the bounds.
These are the classical fixed-order estimates of
\cite[Sections 10.17, 10.27, 10.30, and 10.40]{DLMF}.
No large-order angular limit is involved here.
\end{proof}

\begin{theorem}[Three-region difference bound]
\label{thm:three}
For \(0<r\leq1\), uniformly in \(V,H_V\geq0\),
\begin{equation}
 \norm{\rho_{e,r}(\tau)}
 \leq C
 \begin{cases}
 r^{4a}\bigl(\tau^a+\tau^{2a-b}\bigr),
       &0<\tau\leq1,\\[2pt]
 r^{4a}\tau^a,
       &1\leq\tau\leq r^{-2},\\[2pt]
 r^{2a}(\sqrt\tau r)^{-1}
       +\tau^{-a}(\sqrt\tau r)^{2\vartheta},
       &\tau\geq r^{-2}.
 \end{cases}
 \label{eq:threeregions}
\end{equation}
In particular,
\begin{equation}
 \norm{\rho_{e,r}(\tau)}
 \leq Cr^{4a}
 \begin{cases}
 \tau^{-b},&0<\tau\leq1,\\
 \tau^\mu,&\tau\geq1.
 \end{cases}
 \label{eq:globaldiff}
\end{equation}
All constants are independent of the nonnegative compressed
boundary matrix.
They are not asserted uniform as an order tends to \(0\)
or \(1\).
\end{theorem}

\begin{proof}
The free cut jump in \eqref{eq:Pdiff} is exactly
\[
 \frac1{4\pi\alpha}
             \diag\bigl(r^{2\nu_j}J_{\nu_j}(\sqrt\tau r)^2\bigr).
\]
For the correction use
\[
 \norm{\Ima(T_rFT_r)}
       \leq\norm{T_r}^2\norm F.
\]
Set \(w=\sqrt\tau r\).

When \(w\leq1\),
\[
 r^{2\nu_j}|J_{\nu_j}(w)|^2
       \leq Cr^{4\nu_j}\tau^{\nu_j}
       \leq Cr^{4a}\tau^a.
\]
For the last inequality, if \(\tau\geq1\) use
\(r^4\tau\leq r^2\leq1\); if \(\tau\leq1\) it is
immediate.
The correction is bounded by
\(Cr^{4a}\tau^{2a-b}\) below \(\tau=1\), and by
\(Cr^{4a}\tau^a\) above it.
This proves the first two regions.

For \(w\geq1\), the free term is at most
\(Cr^{2a}w^{-1}\).
Equations~\eqref{eq:Finverse} and \eqref{eq:Dlarge}
bound the correction by
\(C\tau^{-a}w^{2\vartheta}\).
This proves the third region.

It remains to check the explicit global power.
The free crossing term is at most
\(Cr^{4a}\tau^a\), since \(w^{-1}\leq w^{2a}\).
If \(\vartheta\leq2a\), then
\[
 \tau^{-a}w^{2\vartheta}
       \leq\tau^{-a}w^{4a}=r^{4a}\tau^a.
\]
If \(\vartheta>2a\), then \(r^{2\vartheta}\leq r^{4a}\),
and
\[
 \tau^{-a}w^{2\vartheta}
       \leq r^{4a}\tau^{\vartheta-a}.
\]
This proves the upper line of \eqref{eq:globaldiff}
for \(\tau\geq1\).
For \(0<\tau\leq1\), both terms in the first region are
at most a constant times \(r^{4a}\tau^{-b}\).
\end{proof}

\subsection{The crossing region after worldsheet smearing}

Let
\begin{equation}
 q_h(\tau)=
 \int_{\RR}
 \frac{\norm{\widehat h(\sqrt{k^2+\tau},k)}^2}
      {2\pi\,2\sqrt{k^2+\tau}}\,\dd k .
 \label{eq:qh}
\end{equation}

\begin{lemma}[Longitudinal threshold and ultraviolet bounds]
\label{lem:qh}
For sufficiently large \(N\),
\begin{equation}
 q_h(\tau)\leq C_NP_N(h)^2
 \begin{cases}
 1+|\log\tau|,&0<\tau\leq1,\\
 \tau^{-N},&\tau\geq1.
 \end{cases}
 \label{eq:qhbound}
\end{equation}
\end{lemma}

\begin{proof}
Below \(\tau=1\), split \(|k|\leq1\) and its complement.
The only threshold integral is
\[
 \int_0^1(k^2+\tau)^{-1/2}\dd k
                         =O(1+|\log\tau|).
\]
Above \(\tau=1\), substitute \(k=\sqrt\tau\,v\)
and use the definition of \(P_N\).
Increasing the Schwartz seminorm if necessary gives the
displayed power.
\end{proof}

\begin{corollary}[Explicit crossing-region tail]
\label{cor:crossing}
If
\[
 N>\max\{\tfrac12,1+\vartheta-a\},
\]
then
\begin{equation}
 \int_{r^{-2}}^\infty
       \norm{\rho_{e,r}(\tau)}q_h(\tau)\,\dd\tau
 \leq C_NP_N(h)^2r^{2N+2a-2}.
 \label{eq:crossingtail}
\end{equation}
Thus this region has arbitrarily high algebraic order
after Schwartz smearing.
There is no fixed spectral-cutoff residual.
\end{corollary}

\begin{proof}
The two integrals to estimate are
\[
 r^{2a-1}\int_{r^{-2}}^\infty\tau^{-N-1/2}\dd\tau
 \quad\text{and}\quad
 r^{2\vartheta}
       \int_{r^{-2}}^\infty\tau^{-N-a+\vartheta}\dd\tau.
\]
Both equal a finite constant times
\(r^{2N+2a-2}\) under the stated conditions.
\end{proof}

\begin{theorem}[Untruncated weighted boundary limit]
\label{thm:boundarylimit}
For every boundary law \eqref{eq:boundarylaw} and
\(h\in\SSS(\RR^{1+1};\CC^d)\), the fields
\eqref{eq:Ar} converge strongly on
\(\DD_{\mathrm{fin}}\) to boundary fields \(a(h)\) in
the original spectral Fock representation.
Their covariance is
\[
 W_a(y)=\int_0^\infty
                   \rho_a(\tau)\Delta_+^{(1+1)}(y;\tau)\dd\tau.
\]
For a sufficiently high Schwartz seminorm,
\begin{equation}
 \norm{v_r(h)-v_a(h)}
                 \leq Cr^{2a}P_N(h).
 \label{eq:boundaryrate}
\end{equation}
Linear combinations perpendicular to \(V\) have zero
boundary value.
\end{theorem}

\begin{proof}
On a compact interval
\(0<\varepsilon\leq\tau\leq T<\infty\), both endpoint
limits of the resolvent kernel are uniform.
The corresponding spectral Gram blocks therefore have
a boundary limit.
This proves convergence of the truncated creation vectors
inside the original one-particle representation.

The boundary spectral density obeys
\eqref{eq:rhobound}, and its integral against
\eqref{eq:qhbound} is finite.
The truncated boundary vectors are thus Cauchy when both
spectral endpoints are removed.
Their limit remains in the original representation.

For the radial-to-boundary difference, use
\eqref{eq:globaldiff} and \eqref{eq:qhbound}.
The threshold integral is finite because
\(2a-b>-1\), and the ultraviolet integral is finite for
\(N>\mu+1\).
The squared norm is bounded by
\(Cr^{4a}P_N(h)^2\), proving
\eqref{eq:boundaryrate}.
The more precise contribution from the crossing region
is \eqref{eq:crossingtail}.
Apply \eqref{eq:fieldbound} for the operator limit.

Finally, \(F=\iota B_V^{-1}\iota^\dagger\) annihilates
\(V^\perp\), giving the stated boundary relations.
\end{proof}

\begin{remark}[Scope of the uniformity]
The result is uniform over nonnegative finite and
compressed charts with the orders fixed.
It is not uniform over logarithmic channels,
negative boundary energies, momentum-dependent boundary
laws, or an order approaching a deficiency endpoint.
Those are different estimates, not numerical errors to
be absorbed into a constant.
\end{remark}

\paragraph{Non-extraction.}
These are limits of an already specified free field.
They add no independently prepared defect factor and
select no contact normalization.
The finite instrument \eqref{eq:instrument} does not
construct these domains or vectors.

%======================================================================
\section{The Wick-quadratic consequence and the retained scalar obstruction}
\label{sec:Wick}
%======================================================================

\begin{proposition}[Quadratics on the energy-cutoff domain]
\label{prop:Wick}
For the boundary fields of Theorem~\ref{thm:boundarylimit},
the normal-ordered quadratics
\({:}a_ja_k^\dagger{:}(h)\) exist on
\(\DD_{\mathrm c}\).
Hermitian combinations with real tests are symmetric
and closable.
Their radial versions converge on that domain, with
\begin{equation}
 \norm{(Q_r(h)-Q_a(h))\Psi}
       \leq C_{n,E}r^{2a}P_N(h)\norm\Psi
 \label{eq:quadraticrate}
\end{equation}
on each fixed particle-number and input-energy band.
\end{proposition}

\begin{proof}
The boundary Fourier density is
\(2\pi\one_{\Vp}(p)\rho_a(p_0^2-p_1^2)\).
Equations~\eqref{eq:rhobound} and \eqref{eq:globaldiff}
give, for the fields and their difference features,
bounds of the form
\[
 C(1+p_0)^m(p_+p_-)^{-b},
 \qquad p_\pm=p_0\pm p_1,\qquad b<1,
\]
with an additional factor \(r^{4a}\) for the squared
difference feature.
The individual radial fields obey the same bound, either
directly from \eqref{eq:Rzeta}, or from positivity of the
joint radial--boundary Gram block.

For fixed total momentum \(P\), positive energies give
\(0<p_\pm<P_\pm\).
The two beta integrals
\[
 \int_0^A u^{-b}(A-u)^{-b}\dd u
          =A^{1-2b}\mathrm B(1-b,1-b)
\]
bound the pair-creation kernel.
Its growth in \(P\) is polynomial and is absorbed by
\(\widehat h(P)\).

For the number-preserving kernel, first restrict the
input to \(q_0\leq E\).
That input measure has finite mass; Schwartz decay of
\(\widehat h(p-q)\) makes the restricted kernel
Hilbert--Schmidt.
The finite-sector creation and annihilation estimates
define the quadratic operator on \(\DD_{\mathrm c}\).

The identity
\[
 u_r\otimes v_r-u_0\otimes v_0
 =(u_r-u_0)\otimes v_r+u_0\otimes(v_r-v_0)
\]
reduces the quadratic difference to the same estimates
with one difference feature.
Cauchy--Schwarz and \eqref{eq:globaldiff} give
\eqref{eq:quadraticrate}.
Symmetry on a dense domain gives closability.
\end{proof}

The nonzero Wick square is not Gaussian.
Its three-point Wick contraction is nonzero, as explained
in Ex1 \cite{CheungEx1}.
Nor does Proposition~\ref{prop:Wick} imply a general
interacting boundary algebra or convergence on arbitrary
finite-particle vectors.

For comparison with the one-point prescription, define
\begin{equation}
 \pair{U_L}{f}=
 \lim_{\varepsilon\downarrow0}
 \left[
 \int_{r>\varepsilon}\frac{f}{r^2}\dd\Omega
 +\salpha\log(\varepsilon/L)\int f(y,0)\dd^2y
 \right].
 \label{eq:UL}
\end{equation}
Angular Taylor averaging proves strong convergence and
\[
 (E_x+2)U_L=\salpha\deltaW,\qquad
 U_{L'}-U_L=-\salpha\log(L'/L)\deltaW.
\]
These are the parent normalizations
\cite{CheungVP1,CheungEx1}.

For
\(\eta_\varepsilon(x)=\varepsilon^{-2}\eta(x/\varepsilon)\),
\[
 \pair{U_L}{\eta_\varepsilon}
 =
 \varepsilon^{-2}
 \bigl(\pair{U_L}{\eta}
          +\salpha\log\varepsilon\,\eta(0)\bigr).
\]
Consequently no nonzero \(sU_L+c\deltaW\) with \(s\neq0\)
has an ordinary approximate-identity-independent
worldsheet restriction.
A nonzero pure delta also fails to restrict.
The identically zero distribution remains an exception.

\begin{stopstatement}[Free-domain ending]
The ultraviolet residual identified in the positive-order
compressed problem has been replaced by
\eqref{eq:threeregions} and \eqref{eq:crossingtail}.
The following are not supplied:
\begin{itemize}
\item a logarithmic-channel version of this uniform theorem;
\item every bulk Wick product on completion tests touching
the apex;
\item essential self-adjointness of every quadratic;
\item an interacting or time-ordered defect algebra;
\item restriction of the nonzero covariant c-number part.
\end{itemize}
The VII-H free response and VII-I finite-width free algebra
are separate constructions \cite{CheungVII}.
\end{stopstatement}

%======================================================================
\section{Stage B: measurable logarithmic-power reflection profiles}
\label{sec:profiles}
%======================================================================

\subsection{A larger explicit profile class}

Let
\begin{equation}
 A(u)=\int_u^\infty vK_0(v)^2\dd v.
 \label{eq:Adef}
\end{equation}
The classical endpoint estimates are
\begin{equation}
 A(0)=\frac12,\qquad
 A(u)-\frac12=O(u^2\log^2u),\qquad
 A(u)\asymp e^{-2u}\quad(u\geq1).
 \label{eq:Aest}
\end{equation}
The last comparison has positive fixed upper and lower
constants.
These follow from the modified-Bessel expansions and the
integral \(\int_0^\infty vK_0(v)^2\dd v=1/2\)
\cite{DLMF}.

\begin{assumption}[Measurable logarithmic-power class]
\label{ass:profile}
Fix \(p>0\) and \(u_0\in(0,1)\).
The profile \(B:(0,\infty)\to\CC\) is measurable and obeys
\begin{align}
 |B(u)|&\leq
 C_0\bigl(1+\log(u_0/u)\bigr)^{-p},
                    &&0<u<u_0,
 \label{eq:Bsmall}\\
 J_B&:=\int_{u_0}^\infty
              |B(u)|A(u)\frac{\dd u}{u}<\infty.
 \label{eq:Btail}
\end{align}
No pointwise ultraviolet growth bound, smoothness, or
monotonicity is required.
For real one-point corrections take \(B\) real.
\end{assumption}

This is larger in its ultraviolet allowance than Ex2's
profile class.
It permits weighted-integrable spikes of arbitrary
pointwise height.
For example, one can add smooth disjoint bumps near
integers, with heights \(e^{3n}\) and widths \(e^{-3n}\);
their contribution to \eqref{eq:Btail} is summable,
although no fixed polynomial times \(e^{2u}\) bounds
their heights.
This mathematical enlargement is not a claim that every
such profile is realized by a physical core.

For \(r>R\), define
\begin{equation}
 f_R(r)=\frac1{4\pi^2\alpha}
       \int_0^\infty qB(qR)K_0(qr)^2\dd q,
 \qquad
 Q_R(b_0)=2\pi\alpha\int_R^{b_0}rf_R(r)\dd r.
 \label{eq:fR}
\end{equation}
Here \(b_0>0\) is a fixed exterior observation radius.
Let \(\mathcal E_R\) equal \(f_R\) on
\(R<r<b_0\), zero elsewhere transversely, and constant
in the worldsheet directions.

\begin{lemma}[Existence and useful absolute bounds]
\label{lem:profilebounds}
Assumption~\ref{ass:profile} makes \(f_R(r)\) absolutely
convergent for every \(r>R\) and locally integrable on
\(R<r<b_0\).
Moreover,
\begin{equation}
 Q_R(b_0)=
 \frac1{2\pi}\int_0^\infty
 B(u)\bigl[A(u)-A(Tu)\bigr]\frac{\dd u}{u},
 \qquad T=b_0/R.
 \label{eq:Qexact}
\end{equation}
For \(w\geq2\),
\begin{equation}
 w^2\int_0^\infty
 u|B(u)|K_0(wu)^2\dd u
 \leq
 \frac{C}{(1+\log w)^p}
                  +C(1+J_B)e^{-c\sqrt w}.
 \label{eq:Phibound}
\end{equation}
Also
\begin{equation}
 \int_R^{2R}r|f_R(r)|\dd r\leq C
 \label{eq:innerannulus}
\end{equation}
with \(C\) independent of \(R\).
\end{lemma}

\begin{proof}
For fixed \(w>1\), the ultraviolet ratio
\[
 \frac{w^2u^2K_0(wu)^2}{A(u)}
\]
is bounded on \(u\geq u_0\), because its large-\(u\)
behavior is a polynomial times \(e^{-2(w-1)u}\).
Near zero use \eqref{eq:Bsmall} and the logarithmic
behavior of \(K_0\).
This proves absolute convergence.
Fubini applied to absolute values gives local integrability
and \eqref{eq:Qexact}.

To prove \eqref{eq:Phibound}, put \(v=wu\).
On \(u<u_0\), split \(v\leq\sqrt w\) and its complement.
For sufficiently large \(w\), the first part has
\[
 1+\log(u_0/u)\geq c(1+\log w).
\]
The integral of \(vK_0(v)^2\) is finite.
In the second part use boundedness of \(B\) near zero and
the exponentially small Bessel tail.

On \(u\geq u_0\), compare to \eqref{eq:Btail}.
The supremum of the displayed ultraviolet ratio is at
most \(Cwe^{-cw}\) for sufficiently large \(w\).
The remaining bounded interval of \(w\)'s is covered by
continuity of the Bessel bounds.
This proves \eqref{eq:Phibound}.

Finally,
\[
 2\pi\alpha\int_R^{2R}r|f_R(r)|\dd r
 \leq\frac1{2\pi}
 \int_0^\infty
 |B(u)|[A(u)-A(2u)]\frac{\dd u}{u}.
\]
The last integral is finite.
At zero its additional factor is
\(O(u^2\log^2u)\); at infinity use \(A(u)\).
\end{proof}

\subsection{A quantitative concentration theorem}

\begin{theorem}[Test-uniform concentration with a logarithmic rate]
\label{thm:concentration}
Under Assumption~\ref{ass:profile}, for \(T=b_0/R\geq4\),
\begin{equation}
 \int_R^{b_0}r^3|f_R(r)|\dd r
 \leq
 Cb_0^2\left[(1+\log T)^{-p}+T^{-1}\right].
 \label{eq:secondexterior}
\end{equation}
For every fixed compact test support in \(r<b_0\),
\begin{equation}
 \left|
 \pair{\mathcal E_R-Q_R(b_0)\deltaW}{f}
 \right|
 \leq
 C_Kb_0^2
 \left[(1+\log T)^{-p}+T^{-1}\right]p_2(f).
 \label{eq:concentrationrate}
\end{equation}
In particular,
\(\mathcal E_R-Q_R(b_0)\deltaW\to0\) strongly in
\(\DD'\) on those test-support stages.
\end{theorem}

\begin{proof}
The interval \(R<r<2R\) contributes \(O(R^2)\) by
\eqref{eq:innerannulus}.
For \(r\geq2R\), changing variables in \eqref{eq:fR}
and applying \eqref{eq:Phibound} gives
\[
 |f_R(r)|
 \leq \frac{C}{r^2}
 \left[
 (1+\log(r/R))^{-p}
                   +(1+J_B)e^{-c\sqrt{r/R}}
 \right].
\]
Split the remaining moment integral at
\(r=\sqrt{b_0R}\).
The lower part is \(O(b_0R)\).
On the upper part,
\(1+\log(r/R)\geq c(1+\log T)\).
The exponential term has integral \(O(R^2)\).
This proves \eqref{eq:secondexterior}.

For a test, let \(\overline f(y,r)\) denote its angular
average. Then
\[
 |\overline f(y,r)-f(y,0)|\leq Cr^2p_2(f).
\]
Pairing with the radial correction and using its exact
mass \(Q_R(b_0)\) gives \eqref{eq:concentrationrate}.
The estimate is uniform on bounded sets of tests with
fixed compact support.
\end{proof}

\subsection{Mass asymptotics with a Dini remainder}

Assume in addition that, for some \(\gamma\in\CC\) and
\(\kappa>0\),
\begin{equation}
 B(u)=-\gamma[\log(\kappa/u)]^{-p}+e(u),
 \qquad
 \int_0^{u_0}|e(u)|\frac{\dd u}{u}<\infty,
 \label{eq:Dini}
\end{equation}
where \(u_0\) has been decreased so
\(\log(\kappa/u_0)>1\).
Keep Assumption~\ref{ass:profile}.
For \(T>e\), put
\begin{equation}
 \Phi_p(T)=\int_1^{\log T}s^{-p}\dd s
 =
 \begin{cases}
 \log\log T,&p=1,\\[2pt]
 \dfrac{(\log T)^{1-p}-1}{1-p},&p\neq1.
 \end{cases}
 \label{eq:Phip}
\end{equation}

\begin{theorem}[Unified logarithmic-power mass law]
\label{thm:masslaw}
There is a finite \(C_B\) such that
\begin{equation}
 Q_R(b_0)+\frac{\gamma}{4\pi}\Phi_p(T)
                          \longrightarrow C_B.
 \label{eq:masslaw}
\end{equation}
For sufficiently large \(T\), the error is bounded by
\begin{equation}
 C(1+\log T)^{-p}
 +\frac1{2\pi}
   \int_0^{\min\{u_0,T^{-1/2}\}}
                         |e(u)|\frac{\dd u}{u}
 +Ce^{-c\sqrt T}.
 \label{eq:masserror}
\end{equation}
Consequently,
\begin{equation}
 \mathcal E_R+\frac{\gamma}{4\pi}\Phi_p(T)\deltaW
                  \longrightarrow C_B\deltaW
 \label{eq:profilecontact}
\end{equation}
strongly, with the scalar error \eqref{eq:masserror}
and the test error \eqref{eq:concentrationrate} kept
separate.

For \(p=1,\gamma=1\), the divergent mass is
\(-\frac1{4\pi}\log\log(b_0/R)\).
For \(p>1\), the mass has a finite limit even without a
divergent subtraction.
\end{theorem}

\begin{proof}
Use \eqref{eq:Qexact}.
The \(e\)-part has finite limit
\[
 \frac1{2\pi}\int_0^{u_0}e(u)A(u)\frac{\dd u}{u}.
\]
Its omitted \(A(Tu)\) term is bounded by the Dini integral
below \(T^{-1/2}\) plus an exponentially small term above
that point.
The part \(u\geq u_0\) is treated by
\eqref{eq:Btail}; the ratio \(A(Tu)/A(u)\) decays
exponentially uniformly there.

For the model term below \(u_0\), replacing \(A(u)\)
by \(1/2\) changes only a convergent integral.
The smooth lower cutoff \(1/2-A(Tu)\) can be replaced
by \(\frac12\one_{\{u>T^{-1}\}}\).
After \(v=Tu\), the discrepancy is bounded by the
integrable kernel
\[
 \left|\frac12-A(v)-\frac12\one_{\{v>1\}}\right|
                                                   \frac{\dd v}{v}.
\]
On \(v\leq\sqrt T\), its logarithmic denominator is
bounded below by \(c\log T\).
On the remaining range the kernel is exponentially small.
The replacement error is \(O((\log T)^{-p})\).

The only nonconstant large-\(T\) contribution is therefore
\[
 -\frac{\gamma}{4\pi}
 \int_{T^{-1}}^{u_0}
               [\log(\kappa/u)]^{-p}\frac{\dd u}{u}.
\]
Substitution \(s=\log(\kappa/u)\) gives
\(-\gamma\Phi_p(T)/(4\pi)\), a finite constant, and
\(O((\log T)^{-p})\).
This proves \eqref{eq:masslaw}--\eqref{eq:masserror}.
Apply Theorem~\ref{thm:concentration} for
\eqref{eq:profilecontact}.
\end{proof}

\begin{proposition}[Stability under integrable profile differences]
\label{prop:profilestability}
Let \(B,\widetilde B\) obey Theorem~\ref{thm:masslaw}
with the same \(p,\gamma\), and suppose
\[
 \int_0^\infty
       |\widetilde B(u)-B(u)|A(u)\frac{\dd u}{u}<\infty.
\]
Their finite constants satisfy
\begin{equation}
 C_{\widetilde B}-C_B
 =
 \frac1{2\pi}\int_0^\infty
       [\widetilde B(u)-B(u)]A(u)\frac{\dd u}{u}.
 \label{eq:profiledifference}
\end{equation}
\end{proposition}

\begin{proof}
Subtract the exact mass identities and use dominated
convergence.
\end{proof}

\paragraph{Physical comparison.}
The flower-pot positive-coupling reflection profile of
Ex1 and Ex2 has \(p=1,\gamma=1\).
Theorem~\ref{thm:masslaw} includes that exterior diagnostic,
but not a complete physical core contact.
Allen--Kay--Ottewill provide the long-range exterior
context \cite{AKO}.
No core state, stress subtraction, or Einstein source law
is obtained by extending the profile class
\cite{CheungIB,CheungXAST}.

%======================================================================
\section{Stage B continued: moments, transfer, and invisible interior freedom}
\label{sec:moments}
%======================================================================

\subsection{A moment-resolved estimate}

Let \(\mu_R\) be a finite signed transverse measure,
including the density convention \(\alpha\dd^2x\),
supported in \(r\leq c_0R\).
Regard it as longitudinally constant.
Define
\[
 m_R=\int\dd\mu_R,\qquad
 d_R^i=\int x^i\dd\mu_R,\qquad
 M_{2,R}=\int|x|^2\dd|\mu_R|.
\]

\begin{theorem}[Mass--dipole approximation]
\label{thm:moments}
For every fixed compact test support,
\begin{equation}
 \left|
 \pair{\mu_R-m_R\deltaW+d_R^i\partial_i\deltaW}{f}
 \right|
 \leq C_KM_{2,R}p_2(f).
 \label{eq:momentbound}
\end{equation}
Thus, if
\(m_R\to m\), \(d_R\to d\), and \(M_{2,R}\to0\),
then
\[
 \mu_R\longrightarrow m\deltaW-d^i\partial_i\deltaW
\]
strongly.

If \(\mu_R\) is rotation invariant, put
\[
 q_R=\int|x|^2\dd\mu_R,\qquad
 M_{4,R}=\int|x|^4\dd|\mu_R|.
\]
Then the sharper expansion is
\begin{equation}
 \left|
 \pair{\mu_R-m_R\deltaW-\frac{q_R}{4}\Delta\deltaW}{f}
 \right|
 \leq C_KM_{4,R}p_4(f),
 \label{eq:quadrupolebound}
\end{equation}
and \(M_{4,R}\leq c_0^2R^2M_{2,R}\).
\end{theorem}

\begin{proof}
Taylor expansion gives
\[
 f(y,x)=f(y,0)+x^i\partial_if(y,0)
                       +O(|x|^2p_2(f)).
\]
Pairing yields \eqref{eq:momentbound}, including the
minus sign in the dipole distribution.

For a rotation-invariant measure, angular averaging gives
\[
 \overline f(y,r)=
 f(y,0)+\frac{r^2}{4}\Delta f(y,0)
                                  +O(r^4p_4(f)).
\]
This proves \eqref{eq:quadrupolebound}.
The support condition gives the last inequality.
\end{proof}

For positive measures, bounded masses imply
\(M_{2,R}\leq c_0^2R^2m_R\to0\).
Renormalized one-point corrections are not generally
positive measures.
The absolute-moment hypothesis must therefore not be
discarded in the signed problem.

\subsection{Quantitative assembly}

\begin{corollary}[A sufficient assembled-contact criterion]
\label{cor:assembly}
Suppose a separately normalized core correction has
\[
 \mathcal F_R=\mathcal E_R+\mu_R+\mathcal Z_R
\]
in the same density and smooth structure.
Assume \(\mu_R\) is radial, \(m_R\to m\),
\(M_{2,R}\to0\), and
\(\mathcal Z_R\to\mathcal Z_0\) strongly.
Under Theorem~\ref{thm:masslaw},
\begin{equation}
 \mathcal F_R+\frac{\gamma}{4\pi}\Phi_p(T)\deltaW
 \longrightarrow
 \mathcal Z_0+(C_B+m)\deltaW.
 \label{eq:assembly}
\end{equation}
For a fixed test-support stage, its error is bounded by
the sum of:
\begin{enumerate}[label=\textup{(\roman*)}]
\item the exterior second-moment error in
\eqref{eq:concentrationrate};
\item the scalar profile error in \eqref{eq:masserror};
\item \(C_K(|m_R-m|p_0(f)+M_{2,R}p_2(f))\);
\item the actual \(\mathcal Z_R-\mathcal Z_0\) pairing.
\end{enumerate}
\end{corollary}

\begin{proof}
Add Theorem~\ref{thm:masslaw} and
\eqref{eq:momentbound}, with \(d_R=0\).
No estimate for \(\mathcal Z_R\) is inferred from the other
terms.
\end{proof}

The criterion is sufficient.
Convergence of an absolute second moment is not asserted
necessary for every signed family with cancellations.

\subsection{What exterior agreement misses}

\begin{proposition}[Scalar and quadrupole interior counterexamples]
\label{prop:interior}
Choose a radial smooth \(\psi\) supported in \(r<1\)
with \(\int\psi\,\alpha\dd^2x=1\).
If \(R^2|a_R|\to0\), then
\[
 j_R(x)=a_RR^{-2}\psi(x/R)
 \quad\text{satisfies}\quad
 j_R-a_R\deltaW\to0
\]
strongly.
It changes no value for \(r>R\).
It can therefore alter a finite contact or a
\(\log\log(b_0/R)\) coefficient without changing the exterior
diagnostic.

There also exists a radial smooth \(\chi\) supported in
\(r<1\) with
\[
 \int\chi\,\alpha\dd^2x=0,\qquad
 q=\int|x|^2\chi(x)\alpha\dd^2x\neq0.
\]
For such a choice,
\begin{equation}
 R^{-4}\chi(x/R)\longrightarrow
                         \frac q4\Delta\deltaW
 \label{eq:quadrupoleexample}
\end{equation}
strongly, with an \(O(R^2p_4(f))\) remainder.
\end{proposition}

\begin{proof}
The first assertion is the radial second-moment estimate.
Its error is at most
\(C_K|a_R|R^2p_2(f)\).

For the second, take the difference of two radial bumps
with equal mass and different radial scales.
The mass vanishes and the second moment does not.
The scaled family has fixed signed second moment \(q\)
and fourth absolute moment \(O(R^2)\).
Apply \eqref{eq:quadrupolebound}.
\end{proof}

\begin{remark}[Admissibility matters]
The quadrupole limit lies outside the parent's scalar
scaling-degree-\(2\) ambiguity class.
It is not a new ambiguity inside that class.
It shows that exterior agreement alone does not prove
membership in the class.

Likewise, neither interior counterexample is asserted to
be the Wick square of a fixed physical core state in a
fixed subtraction scheme.
It identifies information that a proposed physical
assembly theorem must control.
\end{remark}

\begin{stopstatement}[Physical core transfer remains open]
The full interior prescription, nonzero angular-mode
remainder, and stress-contact limit have not been calculated
here for a named complete physical core.
In particular, the finite traceless stress coordinate
\(\tau\) is not determined by a scalar moment calculation.

I-B-VP-5's spatial selection is not a proof of the
hypotheses of Corollary~\ref{cor:assembly}
\cite{CheungVP5}.
A finite report does not measure these missing limits,
and conservation does not supply Einstein dynamics
\cite{CheungIB,CheungEn09,CheungXAST}.
\end{stopstatement}

%======================================================================
\section{Stage C: a parameter-dependent logarithmic worldsheet primitive}
\label{sec:primitive}
%======================================================================

This section is Euclidean.
Let \(u\in\RR^2\) be a relative worldsheet coordinate and set
\begin{equation}
 k_\alpha(u)=\frac1{4\pi^2\alpha|u|^2},
 \qquad
 \mathfrak r_\alpha=\frac1{2\pi\alpha}.
 \label{eq:kalpha}
\end{equation}
For \(L_w>0\), define
\begin{equation}
 \pair{P_{L_w}}{f}
 =
 \lim_{\delta\downarrow0}
 \left[
 \int_{|u|>\delta}k_\alpha(u)f(u)\dd^2u
 +\mathfrak r_\alpha\log(\delta/L_w)f(0)
 \right].
 \label{eq:primitive}
\end{equation}
This is a relative-worldsheet distribution.
It is not the transverse generating distribution \(U_L\).

\begin{lemma}[Primitive residue and finite freedom]
\label{lem:primitive}
The limit exists strongly on fixed compact test-support
stages and obeys
\begin{equation}
 (E_u+2)P_{L_w}=\mathfrak r_\alpha\delta^{(2)}(u),
 \qquad
 P_{L'_w}-P_{L_w}
 =-\mathfrak r_\alpha\log(L'_w/L_w)\delta^{(2)}(u).
 \label{eq:primitiveEuler}
\end{equation}
Two extensions of \(k_\alpha\) with scaling degree at most
two differ by a scalar delta.
\end{lemma}

\begin{proof}
Angular Taylor averaging removes the constant term and
leaves an integrable radial remainder.
The Euler and scale identities follow by radial integration
and by subtracting the defining finite parts.
A supported distribution of scaling degree at most two
in two dimensions has only a zeroth delta jet.
This is also the elementary instance of the extension
framework in \cite{BF,Dang}.
\end{proof}

\subsection{Smooth external parameters}

Let \(\mathcal O\subseteq\RR^m\) be an external parameter
domain and \(K\Subset\mathcal O\).
Let
\[
 H\in C^\infty(\mathcal O;C_c^\infty(\RR_y^2\times\RR_u^2))
\]
have common compact support in \((y,u)\).
Put
\begin{align}
 J_\delta(X)
 ={}&
 \int_{\RR^2}\dd^2y
 \int_{|u|>\delta}k_\alpha(u)H(X;y,u)\dd^2u
 \nonumber\\
 &+\mathfrak r_\alpha\log(\delta/L_w)
                         \int H(X;y,0)\dd^2y.
 \label{eq:Jdelta}
\end{align}
Let \(\mathcal N_{k,j}(H)\) denote the maximum of
\(|\partial_X^\lambda\partial_u^\eta H|\) on the common
compact support and \(X\in K\), for
\(|\lambda|\leq k\), \(|\eta|\leq j\).

\begin{theorem}[Fixed-parameter-support \(C^k\) subtraction]
\label{thm:primitiveparam}
The functions \(J_\delta\) converge in \(C^k(K)\), for
every \(k\), to a smooth \(J_{L_w}\).
For sufficiently small \(\delta\),
\begin{equation}
 \norm{J_\delta-J_{L_w}}_{C^k(K)}
             \leq C_{K,H}\delta^2\mathcal N_{k,2}(H).
 \label{eq:Jrate}
\end{equation}
More precisely,
\begin{align}
 J_\delta(X)-J_{L_w}(X)
 ={}&
 -\frac{\delta^2}{16\pi\alpha}
                       \int\Delta_uH(X;y,0)\dd^2y
 +\mathcal R_\delta(X),\nonumber\\
 \norm{\mathcal R_\delta}_{C^k(K)}
 &\leq C\delta^4\mathcal N_{k,4}(H).
 \label{eq:Jexpansion}
\end{align}
The constants depend on the fixed supports, not on
\(\delta\).
\end{theorem}

\begin{proof}
For each external multiindex \(\lambda\), angular Taylor
averaging gives
\[
 \int_0^{2\pi}
 \partial_X^\lambda H(X;y,r\omega)\dd\theta
 =
 2\pi\partial_X^\lambda H(X;y,0)
 +\frac{\pi r^2}{2}
                 \Delta_u\partial_X^\lambda H(X;y,0)
 +O(r^4\mathcal N_{k,4}(H)).
\]
After the constant logarithm is subtracted, the difference
between the cutoff expression and its limit is the negative
of the remaining integral over \(0<r<\delta\).
Since the radial measure is
\((4\pi^2\alpha)^{-1}\dd r/r\), its second-order term is
\[
 -\frac1{4\pi^2\alpha}\frac{\pi}{2}
                    \frac{\delta^2}{2}\Delta_uH
       =-\frac{\delta^2}{16\pi\alpha}\Delta_uH.
\]
The fourth-order remainder integrates to \(O(\delta^4)\).
Using only the second-derivative Taylor remainder proves
\eqref{eq:Jrate}.

Every external derivative acts on \(H\) on a fixed
integration domain.
Applying the same estimate to that differentiated
amplitude proves convergence of the derivatives.
No derivative of an error inequality is taken.
\end{proof}

\begin{remark}[The moving-singularity issue]
Theorem~\ref{thm:primitiveparam} works because the
relative coordinate \(u\) is fixed before differentiation.
If the singular locus itself depends on an external
parameter, one must first make a controlled change to
fixed relative coordinates and include its Jacobian and
coefficient derivatives.
A statement about one undifferentiated cutoff integral
would not supply that argument.
\end{remark}

%======================================================================
\section{Stage C continued: a switched numerical sandwich}
\label{sec:sandwich}
%======================================================================

For a regular external Euclidean point \(X=(y_X,r_X,\varphi_X)\),
the neutral Friedrichs apex-endpoint kernel is
\begin{equation}
 G_X(y)=G_F(X,(y,0))
       =\frac1{4\pi^2\alpha
                       (r_X^2+|y_X-y|^2)}.
 \label{eq:GX}
\end{equation}
This normalization is the one used in Ex1 and Ex2
\cite{CheungEx1,CheungEx2}.

Fix \(\chi\in C_c^\infty(\RR^2)\).
For regular external \(X,Z\), define
\begin{equation}
 H(X,Z;y,u)=
 \chi(y)\chi(y+u)G_X(y)G_Z(y+u)
 \label{eq:Hsandwich}
\end{equation}
and
\[
 D_\chi(X,Z)=
 \int\chi(y)^2G_X(y)G_Z(y)\dd^2y.
\]
For a scalar \(g\), put
\begin{align}
 S_\delta^{[2]}(X,Z)
 =g^2\Bigg[
 &\int\dd^2y\int_{|u|>\delta}
                  k_\alpha(u)H(X,Z;y,u)\dd^2u
 \nonumber\\
 &+\mathfrak r_\alpha\log(\delta/L_w)D_\chi(X,Z)
 \Bigg].
 \label{eq:sandwich}
\end{align}

\begin{corollary}[Controlled sandwich and local normalization]
\label{cor:sandwich}
Let \(K\) be a compact external set of pairs \((X,Z)\)
with \(r_X,r_Z\geq r_0>0\).
Then \(S_\delta^{[2]}\) converges in \(C^k(K)\) to
\(S_{L_w}^{[2]}\), and
\begin{equation}
 \norm{S_\delta^{[2]}-S_{L_w}^{[2]}}_{C^k(K)}
       \leq C_{k,\chi,\alpha,K}|g|^2\delta^2.
 \label{eq:sandwichrate}
\end{equation}
If \(0<r_0\leq1\), a conservative explicit radius
dependence is
\[
 C_{k,\chi,\alpha,K}\leq C'_{k,\chi,\alpha,K_y}
                                      r_0^{-6-k}.
\]
Its scale change is
\begin{equation}
 S_{L'_w}^{[2]}-S_{L_w}^{[2]}
 =-g^2\mathfrak r_\alpha
             \log(L'_w/L_w)D_\chi.
 \label{eq:sandwichscale}
\end{equation}
For the declared relative-coordinate ambiguity
\(P_{L_w}\mapsto P_{L_w}+\lambda_w\delta^{(2)}(u)\),
the numerical kernel changes by
\(g^2\lambda_wD_\chi\).
\end{corollary}

\begin{proof}
The support of \eqref{eq:Hsandwich} is common and compact
in \(y,u\).
Both external endpoints stay a positive distance from
the worldsheet, so the amplitude is smooth in all external
variables.
Apply Theorem~\ref{thm:primitiveparam}.

A derivative of total order \(j\) of
\((r^2+|y_X-y|^2)^{-1}\) is bounded by
\(C_jr_0^{-2-j}\).
The two \(u\)-derivatives required by \eqref{eq:Jrate}
fall on \(\chi(y+u)G_Z(y+u)\).
The product estimate gives the stated conservative
\(r_0^{-6-k}\) dependence.
Equation~\eqref{eq:primitiveEuler} gives
\eqref{eq:sandwichscale} and the finite ambiguity.
\end{proof}

This evaluates the local logarithmic primitive inside one
smoothly switched bulk-to-worldsheet-to-bulk numerical
kernel.
It is more than merely displaying its logarithmic residue.
It is not the complete second-order
\(\lambda\phi^4\) correction, a time-ordered operator
product, or a resummed point interaction.

\subsection{The first-order baseline is not changed}

For the real neutral convention
\(\lambda\phi^4/4!\), the separate first-order apex and
regular-diagonal subtractions use \(L\) and \(\mu\),
respectively.
They are at disjoint loci when the external point is
regular \cite{CheungEx1,CheungEx2}.
The contact-dependent term is checked directly from
\eqref{eq:GX}:
\begin{equation}
 \int_{\RR^2}G_X(y)^2\dd^2y
        =\frac1{16\pi^3\alpha^2r_X^2},
 \qquad
 \frac{\partial}{\partial c}\delta_\lambda F(r)
        =-\frac{\lambda}{32\pi^3\alpha^2r^2}.
 \label{eq:firstcontact}
\end{equation}
The finite first-order constant is represented by the
coordinate change
\[
 c_{\mathrm{eff}}
       =c-32\pi^3\alpha^2sA_\alpha,
 \qquad
 s=\frac{\alpha^{-2}-1}{48\pi^2}.
\]
This algebraic reparametrization is not a physical selection
of \(c\).

For \(S_{\mathrm{def}}=g\int_{\WW}\phi^2/2\), comparison
with \eqref{eq:firstcontact} gives
\[
 g=\frac{\lambda c}{2},
 \qquad
 S_{\mathrm{def}}=\frac{\lambda c}{4}\int_{\WW}\phi^2.
\]
The second-order primitive length \(L_w\) is additional
relative-worldsheet normalization data.
It is not fixed by the transverse presentation length
\(L\) or by the regular-diagonal scale \(\mu\).

\begin{stopstatement}[Exact interaction boundary]
The numerical sandwich theorem does not construct an
interacting apex algebra, an all-orders product, a
renormalization-group flow, or an interacting Ward identity.
It also does not prove a uniform limit as external
endpoints approach the worldsheet: the displayed
\(r_0\)-dependence records the loss of that estimate.

A finite logarithmic zero-channel point interaction still
has the negative eigenvalue
\(-4e^{-2\gamma_E}/L_b^2\), obtained by matching the
small-\(r\) expansion of \(K_0\)
\cite{KayStuder,DerezinskiRichard}.
That fact diagnoses one massless spectral realization,
not every possible enlarged defect theory.

The separate VII--IX product domains are not imported
\cite{CheungVII,CheungIX}.
Neither the response \eqref{eq:firstcontact} nor the
sandwich supplies an Einstein equation
\cite{CheungIB,CheungXAST}.
\end{stopstatement}

%======================================================================
\section{Stage D: the resonant family's full double-pole contribution}
\label{sec:Mellin}
%======================================================================

\subsection{Boundary data and exact off-diagonal entry}

Assume
\[
 0<\nu_0<\nu_1<1,\qquad
 \sigma=\nu_0+\nu_1=\alpha^{-1}\in(1,2),\qquad
 \delta=\nu_1-\nu_0>0.
\]
The holonomy is
\(\beta=\alpha\nu_0\).
Fix a reference length for the boundary coefficients.
All radial and momentum variables in this section are
expressed in those fixed reference units; dimensions can
be restored in the defining integral.

Take the infinite-energy rank-one boundary direction
\(H=tww^\dagger\), \(t\to\infty\), with
\(w_0w_1\neq0\).
The rank-one inverse formula gives
\begin{equation}
 C_{01}(q)=
 -\frac{K_wq^{-\delta}}{1+d_wq^{-2\delta}},
 \label{eq:C01}
\end{equation}
where
\begin{equation}
 K_w=S_1^{-1}\frac{A_1}{A_0}
                        \frac{\overline w_1}{\overline w_0},
 \qquad
 d_w=\frac{S_1^{-1}A_1^2|w_1|^2}
            {S_0^{-1}A_0^2|w_0|^2}>0.
 \label{eq:Kdw}
\end{equation}
Define
\begin{equation}
 R_{01}(r)=\frac1{4\pi^2\alpha}
 \int_0^\infty qC_{01}(q)
                     K_{\nu_0}(qr)K_{\nu_1}(qr)\dd q.
 \label{eq:R01}
\end{equation}
The real scalar off-diagonal part is
\(2\Rea(e^{\ii\varphi}R_{01}(r))\).

For completeness, \eqref{eq:C01} follows from
\[
 C=S^{-1}
 -\frac{S^{-1}uu^\dagger S^{-1}}
             {u^\dagger S^{-1}u},
 \qquad
 u=\diag(A_jq^{-\nu_j})w.
\]
Dividing numerator and denominator by the smaller-order
diagonal term gives \eqref{eq:Kdw}.
In particular, the boundary-data phase is not discarded.

\subsection{Mellin factors and the fundamental strip}

Let
\begin{equation}
 M(s)=
 \frac{2^{s-3}}{\Gamma(s)}
 \prod_{\varepsilon_0,\varepsilon_1=\pm1}
 \Gamma\!\left(
       \frac{s+\varepsilon_0\nu_0+\varepsilon_1\nu_1}{2}
 \right).
 \label{eq:MellinK}
\end{equation}
For \(\Rea s>\sigma\), it equals
\(\int_0^\infty u^{s-1}K_{\nu_0}(u)K_{\nu_1}(u)\dd u\).
One derivation inserts the two Schwinger representations
of \(K_\nu\), integrates in \(u\), and evaluates the
remaining beta integral.
This is the classical Bessel Mellin formula
\cite{DLMF,Watson}.

Direct substitution \(q^{2\delta}=d_wv\) gives
\begin{equation}
 \mathcal C(z)=
 -\frac{K_w\pi}{2\delta}
 d_w^{(z-\delta)/(2\delta)}
 \csc\!\left(\frac{\pi(z+\delta)}{2\delta}\right),
 \qquad -\delta<\Rea z<\delta.
 \label{eq:Cmellin}
\end{equation}
Since \(\sigma+\delta=2\nu_1<2\), the line
\begin{equation}
 2-\delta<c<2+\delta
 \label{eq:fundamental}
\end{equation}
is a common fundamental line, and
\begin{equation}
 R_{01}(r)=
 \frac1{4\pi^2\alpha}\frac1{2\pi\ii}
 \int_{\Rea s=c}
                   r^{-s}M(s)\mathcal C(2-s)\dd s.
 \label{eq:MellinR}
\end{equation}

\subsection{The logarithmic coefficient and its companion constant}

Let \(\psi=\Gamma'/\Gamma\) be the digamma function.
For \(m\geq1\), impose the resonant family
\begin{equation}
 1<\sigma<2,\qquad
 \delta=\frac{2-\sigma}{2m+1},\qquad
 \nu_0=\frac{\sigma-\delta}{2},\qquad
 \nu_1=\frac{\sigma+\delta}{2}.
 \label{eq:family}
\end{equation}
Set
\begin{equation}
 \eta_\ell=(2\ell+1)\delta,\qquad
 c_\ell=-K_w(-d_w)^\ell,
 \label{eq:cl}
\end{equation}
and define
\begin{align}
 \mathcal L_m
 &=\frac{A_0A_1c_m}{4\pi^2\alpha}
 \nonumber\\
 &=\frac{(-1)^{m+1}S_1^{-1}A_1^2}{4\pi^2\alpha}
          \frac{\overline w_1}{\overline w_0}\,d_w^m,
 \label{eq:Lm}\\
 \mathcal B_m
 &=\mathcal L_m\left[
 \log2+\frac{\psi(\nu_0)+\psi(\nu_1)-\psi(\sigma)-\gamma_E}{2}
                    -\frac{\log d_w}{2\delta}
 \right].
 \label{eq:Bm}
\end{align}

\begin{theorem}[Complete resonant contribution with a controlled remainder]
\label{thm:Laurent}
For any
\[
 0<\varepsilon<\min\{2\delta,2\nu_0\},
\]
the expansion is
\begin{align}
 R_{01}(r)
 ={}&
 \frac1{4\pi^2\alpha}
 \sum_{\ell=0}^{m-1}
       c_\ell M(2-\eta_\ell)r^{-2+\eta_\ell}
 \nonumber\\
 &+r^{-\sigma}
       \left[\mathcal L_m\log(1/r)+\mathcal B_m\right]
 +O(r^{-\sigma+\varepsilon}).
 \label{eq:fullresonant}
\end{align}
For every fixed \(j\geq0\), the remainder remains
\(O(r^{-\sigma+\varepsilon})\) after applying
\((r\partial_r)^j\).

The coefficient \(\mathcal L_m\) is nonzero for every mixed
boundary direction \(w_0w_1\neq0\).
\end{theorem}

\begin{proof}
The simple ultraviolet poles of \(\mathcal C(2-s)\)
occur at \(s=2-\eta_\ell\).
For \(\ell<m\), these lie strictly above \(\sigma\)
and contribute the first line of \eqref{eq:fullresonant}.

Write \(s=\sigma+\zeta\).
Expanding \eqref{eq:MellinK} gives
\begin{equation}
 M(\sigma+\zeta)
 =
 \frac{A_0A_1}{\zeta}
 +A_0A_1
 \left[
 \log2+
 \frac{\psi(\nu_0)+\psi(\nu_1)-\psi(\sigma)-\gamma_E}{2}
 \right]+O(\zeta).
 \label{eq:Mlaurent}
\end{equation}
Indeed the singular gamma factor is
\(\Gamma(\zeta/2)=2/\zeta-\gamma_E+O(\zeta)\);
the three other gamma factors are regular and nonzero.

Since \(2-\sigma=(2m+1)\delta\), equation
\eqref{eq:Cmellin} gives
\begin{equation}
 \mathcal C(2-\sigma-\zeta)
       =\frac{c_m}{\zeta}
             -\frac{c_m\log d_w}{2\delta}+O(\zeta).
 \label{eq:Claurent}
\end{equation}
The product has a double pole.
Multiplication by
\(r^{-\sigma-\zeta}
=r^{-\sigma}(1-\zeta\log r+O(\zeta^2))\)
shows that its residue is exactly the second line of
\eqref{eq:fullresonant}, with
\eqref{eq:Lm}--\eqref{eq:Bm}.

The next possible leftward matrix pole is
\(\sigma-2\delta\).
The next Bessel pole is at \(\delta\), whose distance
below \(\sigma\) is \(2\nu_0\).
Thus the line
\(\Rea s=\sigma-\varepsilon\) crosses no further pole.

Stirling's formula makes \(M(s)\) decay exponentially on
vertical lines, up to a polynomial.
The cosecant factor in \eqref{eq:Cmellin} supplies additional
exponential decay.
Contour displacement is therefore justified and the new
line contributes \(O(r^{-\sigma+\varepsilon})\).
Multiplication of the integrand by \((-s)^j\) proves the
differentiated remainder without differentiating an
undifferentiated error bound.

All factors in \eqref{eq:Lm} are nonzero in the mixed
chart, proving the last assertion.
\end{proof}

\begin{proposition}[Exact cancellation conditions]
\label{prop:cancellation}
For the single mixed rank-one chart, the logarithmic scalar
coefficient is
\begin{equation}
 2\Rea(e^{\ii\varphi}\mathcal L_m).
 \label{eq:angularlog}
\end{equation}
It vanishes identically as an angular function if and only
if the off-diagonal chart is unmixed, \(w_0w_1=0\).
For a mixed chart it can vanish at particular angles or
under rotation averaging, but not as the complete angular
distribution.

More generally, in a specified sum of contributions with
the same exponent and the same angular harmonic, the
logarithm cancels exactly when the sum of their complex
coefficients \(\mathcal L_m\), after the actual tensor or
observable projection, is zero.
\end{proposition}

\begin{proof}
For a complex number \(z\),
\(\Rea(e^{\ii\varphi}z)\) vanishes for every \(\varphi\)
exactly when \(z=0\).
Equation~\eqref{eq:Lm} excludes this in a mixed chart.
For an unmixed direction the original inverse formula
has \(C_{01}=0\).
The sum statement is linear independence of the specified
power, logarithm, and angular harmonic after equal terms
have been collected.
\end{proof}

No apex-supported contact can remove a nonzero off-apex
logarithm: it has zero restriction to every regular open
set, whereas \eqref{eq:angularlog} does not.

\begin{stopstatement}[Resonance ending]
Theorem~\ref{thm:Laurent} evaluates the complete double-pole
contribution for the family \eqref{eq:family}.
It does not classify every compressed chart, every
coefficient cancellation, or every differentiated Ward flux.
The actual-pole criterion of Ex1 and Ex2 remains a criterion
on boundary data, not a closed countable set of points
in the \((\alpha,\beta)\) plane.

The off-apex logarithm is not automatically a supported
dilation residue.
No unrestricted stress/current extension or uniqueness
theorem is released.
\end{stopstatement}

%======================================================================
\section{Stage D concluded: KH elimination conditions and a higher-weight residual}
\label{sec:KH}
%======================================================================

Let
\[
 R^i=\epsilon^i{}_jx^j,\qquad
 \epsilon=\begin{pmatrix}0&-1\\1&0\end{pmatrix}.
\]
The smooth Killing--homothety operations are
\begin{align}
 \mathrm W1_A(Q)&=\partial_\mu Q^\mu{}_A,\nonumber\\
 \mathrm W2(Q)&=\partial_i(Q^i{}_jR^j),\nonumber\\
 \mathrm W3(Q)&=\partial_i(Q^i{}_jx^j)-Q^i{}_i .
 \label{eq:KH}
\end{align}
They are operations on the auxiliary completion, not a
singular-metric index-lowering rule.

\subsection{The polar-vector submodule}

For a fixed real \(v\neq0\), put
\(D_v=v^k\partial_k\deltaW\).
Consider precisely
\begin{equation}
 Q^A{}_B=u\,\delta^A_BD_v,\qquad
 Q^i{}_j=
 a_0\delta^i_jD_v+b_0v^i\partial_j\deltaW
                         +c_0v_j\partial^i\deltaW,
 \label{eq:KHmodule}
\end{equation}
with zero mixed blocks.
This is the polar-vector, parity-even equivariant submodule,
not the unrestricted first-jet space.

\begin{proposition}[Exact polar-vector calculation]
\label{prop:Qv}
The simultaneous KH equations and zero trace in
\eqref{eq:KHmodule} have exactly the solutions
\begin{align}
 Q^A{}_B&=-\frac{2a_0}{3}\delta^A_BD_v,\nonumber\\
 Q^i{}_j&=
 a_0\left[
 \delta^i_jD_v-\frac53v^i\partial_j\deltaW
                         +v_j\partial^i\deltaW
 \right].
 \label{eq:Qv}
\end{align}
For \(a_0\neq0\), each of the following additional conditions
excludes this submodule:
\begin{enumerate}[label=\textup{(\roman*)}]
\item reference-lowered symmetry;
\item full reference divergence \(\partial_iQ^i{}_j=0\);
\item degree-\(-4\) almost homogeneity
\((E_x+4)^2Q=0\).
\end{enumerate}
\end{proposition}

\begin{proof}
Using \(x^\ell\partial_k\deltaW=-\delta^\ell_k\deltaW\),
W2 gives \(c_0=a_0\), and W3 gives
\[
 3a_0+3b_0+2c_0=0.
\]
The trace gives
\(2u+2a_0+b_0+c_0=0\).
Thus \(b_0=-5a_0/3\) and \(u=-2a_0/3\).
W1 vanishes by longitudinal translation invariance.

The antisymmetric transverse part is
\[
 Q_{ij}-Q_{ji}
 =-\frac{8a_0}{3}
          (v_i\partial_j-v_j\partial_i)\deltaW,
\]
and the full reference divergence is
\begin{equation}
 \partial_iQ^i{}_j
 =a_0\left[v_j\Delta
              -\frac23v^k\partial_j\partial_k\right]\deltaW.
 \label{eq:Qdiv}
\end{equation}
Both are nonzero for \(a_0\neq0\).
Finally, every first normal delta jet obeys
\((E_x+3)Q=0\), hence
\((E_x+4)^2Q=Q\).
\end{proof}

\begin{remark}[A notational correction]
Equation~\eqref{eq:Qdiv} writes the constant vector
coefficient explicitly.
The ambiguous typography
\(\partial_jv^k\partial_k\) in Ex2 must not be read as
differentiating the constant \(v^k\).
The intended operator is
\(v^k\partial_j\partial_k\).
\end{remark}

\subsection{Why reference symmetry alone is not unrestricted uniqueness}

\begin{proposition}[A symmetric higher-rotation-weight first jet]
\label{prop:spin3}
Let \(S_{ijk}\) be a nonzero real, completely symmetric,
trace-free rank-three tensor on \(\RR^2\).
Define
\[
 Q^i{}_j=S_{ijk}\partial_k\deltaW,\qquad
 Q^A{}_B=Q^A{}_i=Q^i{}_A=0.
\]
Then \(Q\) is reference symmetric and traceless and
satisfies W1--W3.
It has transverse scaling degree three.
It generally fails full reference conservation and
degree-\(-4\) almost homogeneity.

An explicit example is
\begin{equation}
 (Q^i{}_j)=
 \begin{pmatrix}
  \partial_1&-\partial_2\\
  -\partial_2&-\partial_1
 \end{pmatrix}\deltaW.
 \label{eq:spin3}
\end{equation}
\end{proposition}

\begin{proof}
Trace-freeness gives \(Q^i{}_i=0\).
Symmetry in \(j,k\) and contraction with \(\epsilon^j{}_k\)
give
\[
 Q^i{}_jR^j=0.
\]
Contraction with \(x^j\) gives
\[
 Q^i{}_jx^j=-S_{ijj}\deltaW=0.
\]
Thus W2 and W3 vanish, and W1 is automatic.
The explicit tensor corresponds to
\(S_{111}=1\) and
\(S_{122}=S_{212}=S_{221}=-1\).

For \eqref{eq:spin3}, the reference divergence is
\[
 \bigl(\partial_1^2-\partial_2^2,\,
                    -2\partial_1\partial_2\bigr)\deltaW,
\]
which is not zero.
The Euler calculation is the same as in
Proposition~\ref{prop:Qv}.
\end{proof}

The example has rotation weight three and is outside the
polar-vector submodule.
It is not automatically admissible for an off-diagonal
state whose declared parameter dependence allows only a
specific weight-one coefficient.
That admissibility question must be stated, not inferred.

\begin{stopstatement}[Exact KH scope]
The polar-vector module and its three exclusions are
completely calculated.
The higher-weight example proves that removal of that
module, or reference symmetry alone, is not a proof of
unrestricted KH uniqueness.
No complete supported contact classification is claimed.

Regular \(g\)-symmetry does not authorize lowering
supported tensors with the singular conical metric.
These contact calculations neither normalize a physical
core nor supply Einstein dynamics
\cite{CheungVP1,CheungEx1,CheungEx2,CheungIB,CheungXAST}.
\end{stopstatement}

%======================================================================
\section{Dirac audit and the retained comparison boundary}
\label{sec:Dirac}
%======================================================================

No Dirac formula is used in the preceding proofs.
The disclosed comparison remains unresolved
\cite{CheungVP1,CheungEx1,CheungEx2}.
For the supplied disputed brackets,
\[
 P_\pm=
 (\alpha^2-1)(17\alpha^2+7)
       +120\beta^2(\alpha^2-2\beta^2\pm1),
\]
the exact difference is
\[
 P_+-P_-=240\beta^2.
\]
An overall multiplicity or sign fixed at zero flux does
not remove this flux-dependent difference.
That observation does not identify its physical origin.

The primary record of Spinelly--Bezerra de Mello concerns
a massless left-handed field and finite magnetic-flux-tube
models \cite{SpinellyBdM}.
Its journal reference is
\emph{International Journal of Modern Physics D}
\textbf{13} (2004), 607--624, as corrected in Ex2.
This bibliographic correction is not a same-branch,
same-chirality, same-flux, same-subtraction calculation.

\begin{stopstatement}[Dirac ending]
The coefficient discrepancy is not resolved.
Neither paper is declared erroneous, and no new spinor
domain, apex extension, or physical branch identification
is asserted.
The separately described Dirac-domain and scalar thermal
projects in I-B-VP-7 and I-B-VP-8 remain non-identifications
\cite{Cheung678}.
\end{stopstatement}

%======================================================================
\section{Reliability, coverage, and the release ledger}
\label{sec:reliability}
%======================================================================

\subsection{Evidence and execution}

We retain the integrity discipline documented in
XVI-O1-ST \cite{CheungIntegrity}:
\begin{description}[style=nextline,leftmargin=2.8cm]
\item[\ANALYTIC]
A result established by the displayed proof on the stated
domain, including its identified classical analytical inputs.
\item[\SUPPLIED]
A version-qualified source statement or historical
computational report not independently executed here.
\item[\UNCERTIFIED]
A numerical approximation or certification claim lacking
the artifacts and total error bounds required for the
stronger interpretation.
\end{description}

An unproved mathematical implication is not converted into
a numerical residual by attaching \UNCERTIFIED{} to it.
It remains an open proof obligation.
Conversely, the explicit crossing estimate
\eqref{eq:crossingtail} is analytical, not a numerical fit.

No symbolic program, quadrature, compiler, repository build,
or proof assistant was executed for this draft.
Historical reports in the parent source remain attributed
reports.
The source-level calculations here do not independently
rerun them.

\subsection{Updated residual table}

\begin{longtable}{@{}L{.28\linewidth}L{.18\linewidth}L{.47\linewidth}@{}}
\toprule
Object & Status & Exact boundary or retained residual\\
\midrule
\endfirsthead
\toprule
Object & Status & Exact boundary or retained residual\\
\midrule
\endhead
\bottomrule
\endfoot

Compressed inverse and matrix boundary spectrum
&
\ANALYTIC
&
Fixed positive orders; compression before inversion;
no logarithmic channel.
\\[4pt]

Ultraviolet transition
&
\ANALYTIC
&
Three regions in \eqref{eq:threeregions};
explicit global power \(\mu<1\).
\\[4pt]

Crossing-region spectral tail
&
\ANALYTIC
&
Equation~\eqref{eq:crossingtail};
no fixed spectral-cutoff residual remains.
\\[4pt]

Weighted linear boundary limit
&
\ANALYTIC
&
Same representation, strong on
\(\DD_{\mathrm{fin}}\), rate \(r^{2a}\).
\\[4pt]

Wick-quadratic consequence
&
\ANALYTIC
&
Strong on \(\DD_{\mathrm c}\);
not all finite-particle vectors.
\\[4pt]

General bulk apex Wick algebra
&
\OPEN
&
No unrestricted product or complete interacting domain.
\\[4pt]

Measurable-profile exterior concentration
&
\ANALYTIC
&
Weighted-integrable ultraviolet tails;
test error and scalar mass error separated.
\\[4pt]

Logarithmic-power mass law
&
\ANALYTIC
&
Dini remainder \eqref{eq:Dini};
explicit error \eqref{eq:masserror}.
\\[4pt]

Full physical core-contact limit
&
\OPEN
&
Interior, nonzero-mode, and local subtraction hypotheses
not verified for a complete physical prescription.
\\[4pt]

Moment-controlled assembly
&
Conditional theorem
&
Corollary~\ref{cor:assembly}; actual remainder
\(\mathcal Z_R-\mathcal Z_0\) retained.
\\[4pt]

Physical stress scale shift and \(\tau\)
&
\OPEN
&
A scalar moment does not calculate the stress remainder.
\\[4pt]

Second-order relative-worldsheet primitive
&
\ANALYTIC
&
Parameter-dependent \(C^k\) estimate and leading
\(\delta^2\) cutoff error.
\\[4pt]

Switched numerical sandwich
&
\ANALYTIC
&
Regular external compact sets only;
not the full second-order interacting coefficient.
\\[4pt]

All-orders interaction
&
\OPEN
&
No time-ordering, complete graph inventory, or interacting
Ward theorem.
\\[4pt]

Resonant Laurent calculation
&
\ANALYTIC
&
Exact logarithm, companion constant, and shifted-contour
remainder for the stated family.
\\[4pt]

General resonance classification
&
\OPEN
&
Other charts, actual cancellations, and differentiated
Ward fluxes remain separate.
\\[4pt]

KH contacts
&
Restricted calculation
&
Polar-vector module solved; explicit higher-weight residual;
no unrestricted classification.
\\[4pt]

Dirac discrepancy
&
Retained audit
&
No physical resolution or new spinor theorem.
\\
\end{longtable}

\subsection{Finite probes need coverage}

\begin{proposition}[Finite-probe criterion]
\label{prop:coverage}
Let \(Z\) be a proved finite-dimensional residual space and
\(P:Z\to\RR^k\) a declared linear probe map.
Vanishing of every probe implies \(z=0\) for every
\(z\in Z\) exactly when \(P\) is injective.
In a fixed norm on \(Z\), injectivity implies
\[
 \norm z\leq C_Z\norm{Pz}_\infty .
\]
\end{proposition}

\begin{proof}
The first statement is \(\Ker P=\{0\}\).
For the estimate, \(\norm{Pz}_\infty\) has a positive
minimum on the compact unit sphere of \(Z\).
\end{proof}

This is the finite-test distinction documented in
Oai282-A \cite{CheungCoverage}.
The required elementary criterion is proved here.
No external catalogue theorem is a premise.

Every identity released in this paper is proved on arbitrary
tests in its stated class.
Finite samples establish neither class membership nor
coverage.
In particular, tests supported away from \(\WW\) annihilate
all apex contacts and cannot select \((c,\tau,w)\).

%======================================================================
\section{Release theorem and unchanged programme boundaries}
\label{sec:release}
%======================================================================

\begin{theorem}[I-B-VP-1-Ex3 mathematical release]
\label{thm:release}
On the host, completion, density, positive-order product
boundary laws, and numerical subtraction prescriptions
specified above, the following are established:
\begin{enumerate}[label=\textup{(\roman*)}]
\item the complete difference spectral density obeys
\eqref{eq:threeregions} and \eqref{eq:globaldiff};
\item the ultraviolet crossing contribution obeys
\eqref{eq:crossingtail}, and the weighted boundary fields
have the untruncated same-representation limit
\eqref{eq:boundaryrate};
\item their Wick quadratics have the common-domain
consequence \eqref{eq:quadraticrate};
\item measurable profiles satisfying
Assumption~\ref{ass:profile} have the quantitative exterior
concentration \eqref{eq:concentrationrate};
\item with the Dini expansion \eqref{eq:Dini}, their mass
and contact laws are
\eqref{eq:masslaw}--\eqref{eq:profilecontact};
\item interior contributions have the moment bounds
\eqref{eq:momentbound}--\eqref{eq:quadrupolebound},
the sufficient assembly
\eqref{eq:assembly}, and the explicit nonimplication
witnesses of Proposition~\ref{prop:interior};
\item the relative-worldsheet primitive has the
parameter-dependent estimates
\eqref{eq:Jrate}--\eqref{eq:Jexpansion}, and its switched
regular-external sandwich has
\eqref{eq:sandwichrate}--\eqref{eq:sandwichscale};
\item the resonant family has the full double-pole
contribution \eqref{eq:fullresonant}, with the exact
cancellation conditions of
Proposition~\ref{prop:cancellation};
\item the polar-vector KH module and its exclusions are
as in Proposition~\ref{prop:Qv}, and the higher-weight
residual \eqref{eq:spin3} satisfies the stated KH equations.
\end{enumerate}
The full physical core-contact problem, unrestricted
resonance and contact classifications, Dirac discrepancy,
and interacting completion remain unclosed.
\end{theorem}

\begin{proof}
Items (i)--(iii) are
Theorem~\ref{thm:three},
Corollary~\ref{cor:crossing},
Theorem~\ref{thm:boundarylimit}, and
Proposition~\ref{prop:Wick}.
Items (iv)--(vi) are
Theorems~\ref{thm:concentration},
\ref{thm:masslaw}, \ref{thm:moments},
Corollary~\ref{cor:assembly}, and
Proposition~\ref{prop:interior}.
Item (vii) is
Theorem~\ref{thm:primitiveparam} and
Corollary~\ref{cor:sandwich}.
Items (viii)--(ix) are
Theorem~\ref{thm:Laurent} and
Propositions~\ref{prop:cancellation},
\ref{prop:Qv}, and \ref{prop:spin3}.
The final sentence records constructions not supplied by
these results.
\end{proof}

\subsection{Separations preserved by the release}

The following implications are not asserted:
\begin{itemize}
\item strong resolvent convergence
\(\Rightarrow\) inverse-covariance or one-point convergence;
\item exterior concentration
\(\Rightarrow\) a complete normalized physical contact;
\item a linear boundary field
\(\Rightarrow\) a Gaussian quadratic field;
\item a numerical primitive extension
\(\Rightarrow\) an interacting time-ordered algebra;
\item a Mellin logarithm
\(\Rightarrow\) a supported dilation anomaly;
\item KH compatibility
\(\Rightarrow\) singular-metric Levi-Civita differentiation;
\item finite reporting
\(\Rightarrow\) field acquisition or source dynamics.
\end{itemize}

The global wavefront, threshold, Maxwell, spatial-selection,
non-product, Dirac-domain, and thermal companion projects
retain their own domains
\cite{CheungVP,CheungVP5,Cheung678}.
No statement about one of them is obtained by renaming a
kernel in the present proof.

\subsection{Characteristic-composition boundaries}

The supplied historical XIV-H record has its H2 stop.
The supplied XIV-I record constructs its named I2 internal
amplitude while leaving the joint map unresolved at I3.
The supplied XIV-J record constructs a supported-sector
reference on its stated domain while leaving the full map
unresolved at J2 \cite{CheungCharacteristic}.
These version-qualified statements are not collapsed into
one verdict; the I2 advance is not withdrawn.

Nothing here constructs:
\begin{enumerate}[label=\textup{(\arabic*)}]
\item the full joint characteristic map on tests crossing
its characteristic locus;
\item its joint section and complete remainder;
\item its uniform transverse estimates;
\item compatibility with its partial contacts and singular spectators;
\item its complete output wavefront theorem after pushforward;
\item normalized admission in its stated quantum output space.
\end{enumerate}
The constructed worldsheet primitive is a different
distribution on a different space.
Technical XV manuscripts may exist without opening the
downstream quantum-admission exit.

\subsection{Standing programme records}

In the requested programme reading:
\begin{itemize}
\item Problems 1, 2, and 8 remain unfinished.
\item Problems 3--7 and 9--11 are not reached.
Problem 6 is not the implication attempted here.
\item Problem 12 remains unresolved.
\item XVI-O retains
\(\loc{O.1 = NOT_CLOSED}\) and
\(\loc{bulk_symmetry_restored = false}\).
\item XVI-N and Route B are not discharged.
\item XV-B's downstream quantum-admission exit is not opened.
\item The historical H2 ending and unresolved I3/J2
obligations are not updated by this paper.
\end{itemize}

The supplied XVI-Q Q11 record reports a separately scoped
two-point result in a different prescription.
That report is neither erased nor imported here; it does
not update XVI-O or restore bulk symmetry
\cite{CheungStanding}.

No spacetime emergence, Einstein dynamics, Maxwell or
Einstein backreaction, Page curve, de Sitter state,
cosmological bounce, or ultraviolet completion is constructed.
No inherited characteristic quantum coefficient is admitted.
OpenAI catalogue entries, including Family 282, are external
records and not premises.

%======================================================================
\appendix
\section{The resolvent methodological boundary}
\label{app:resolvent}
%======================================================================

For completeness, the distinction used in the core comparison
has a simple fixed-vector witness.

\begin{proposition}[Strong resolvent convergence does not control inverse weights]
There exist positive bounded operators \(B_n\), each with
bounded inverse, such that \(B_n\to I\) strongly in the
resolvent sense, but for a fixed \(v\in\ell^2(\NN)\),
\[
 \ip{v}{B_n^{-1/2}v}\to+\infty.
\]
\end{proposition}

\begin{proof}
Let \(B_n\) equal \(I\) except on the \(n\)-th basis vector,
where its eigenvalue is \(2^{-8n}\).
For \(s>0\), the resolvent difference applied to \(f\)
has norm at most \(C_s|f_n|\to0\).
Take \(v_j=2^{-j}\).
Its \(n\)-th contribution to the inverse-weight form is
\[
 2^{-2n}(2^{-8n})^{-1/2}=2^{2n}.
\]
Every individual form value is finite, but the sequence
diverges.
\end{proof}

The standard Mosco lower-bound and recovery conditions
do imply strong resolvent convergence by the minimization
of
\[
 Q_n[u]+s\norm u^2-2\Rea\ip f u.
\]
The recovery inequality imposes no energy condition at
points where the limiting form is \(+\infty\).
These variational facts, recalled in Ex1 and Ex2, do not
supply the additional inverse-weight, coincidence, or
renormalized contact estimates
\cite{Mosco,CheungEx1,CheungEx2,CheungVP5}.
No new physical-core conclusion is inferred here.

%======================================================================
\section{Debugging, source scope, and submission declarations}
\label{app:declarations}
%======================================================================

\begin{longtable}{@{}L{.38\linewidth}L{.55\linewidth}@{}}
\toprule
Potential gap or overstatement & Treatment in Ex3\\
\midrule
\endfirsthead
\toprule
Potential gap or overstatement & Treatment in Ex3\\
\midrule
\endhead
\bottomrule
\endfoot

An unspecified ultraviolet polynomial hides the crossing
\(\sqrt\tau r\geq1\)
&
The three-region bound and explicit crossing integral
give its power and smeared error.
\\[4pt]

The jump of every resolvent correction is positive
&
Only the complete spectral Gram difference is positive;
correction terms are bounded in norm.
\\[4pt]

Compression can be moved through inversion
&
The inverse is taken on \(V\) after compression.
\\[4pt]

A boundary estimate is uniform through \(\nu=0\) or \(\nu=1\)
&
Orders are fixed in a compact positive deficient range;
endpoint uniformity is not claimed.
\\[4pt]

Quadratic convergence holds on all finite-particle vectors
&
The common domain remains \(\DD_{\mathrm c}\).
\\[4pt]

A reflection profile must have pointwise controlled ultraviolet growth
&
Weighted integrability suffices for the larger measurable class.
\\[4pt]

A scalar mass asymptotic is already a distributional limit
&
The independent second-moment estimate
\eqref{eq:concentrationrate} is supplied.
\\[4pt]

A signed interior family has no higher jets because its support shrinks
&
Mass, dipole, and quadrupole terms are separated explicitly.
\\[4pt]

Exterior agreement proves membership in the scalar contact class
&
The quadrupole witness shows why a separate admissibility
estimate is needed.
\\[4pt]

External differentiation commutes with a moving singular cutoff automatically
&
The relative variable is fixed before differentiation;
the derivative estimate is proved on the resulting amplitude.
\\[4pt]

A renormalized numerical sandwich is an interacting product
&
Only that switched kernel and its local normalization are released.
\\[4pt]

The Mellin logarithm is known only up to a proportionality constant
&
Both Laurent coefficients and a shifted-contour remainder are evaluated.
\\[4pt]

Vanishing at one angle removes an off-diagonal logarithm
&
The complete angular coefficient must vanish; a mixed chart
does not satisfy that condition.
\\[4pt]

Removing the polar-vector KH contact proves unrestricted uniqueness
&
The explicit symmetric weight-three contact remains outside
that module.
\\[4pt]

A bibliographic correction resolves the spinor discrepancy
&
The physical Dirac audit remains unresolved.
\\
\end{longtable}

\paragraph{Supplied-source scope.}
The complete I-B-VP-1-v4, Ex1-v1, and Ex2-v1 sources were
supplied.
Other Cheung records are used only at the scope specified
by their supplied excerpts or consulted introductory pages.
The large retrieval inventory is not treated as a complete
corpus audit or as a list of mathematical premises.
The unavailable online coverage page is not used as a
proof input; Proposition~\ref{prop:coverage} supplies the
criterion required here.

\paragraph{Literature scope.}
Classical Bessel formulas, primary article records, and
the cited extension literature are used for attribution
and the explicitly identified analytical inputs.
No full audit of every cited paper is asserted.
No unquoted theorem from I-B-VP-AB or I-B-VP-SAE is needed
to derive the boundary inverse used here.

\paragraph{Execution scope.}
No successful pdfLaTeX run, numerical experiment, symbolic
algebra execution, proof-assistant check, independent rebuild,
independent referee review, or journal acceptance is asserted.
The proofs are the written calculations on the declared
domains.

\paragraph{Source format.}
This is a single-file pdfLaTeX source with an internal
bibliography.
No external code, data, figure, or bibliography file is
required.
Two compiler runs are intended.
The author name follows the supplied series; submission
requires the author's approval of the text, attribution,
and scope.

\paragraph{Final distinction.}
The uniform boundary estimate, measurable-profile
concentration theorem, and parameter-dependent primitive
are concrete mathematical advances.
They do not become a complete physical defect theory by
sharing a worldsheet, a contact coordinate, or an Enter
report.

%======================================================================
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version 3 excerpts and version-qualified source descriptions,
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